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1.	  Introduction	  	  
When a method is computationally intensive one focuses on the theoretical merit forgetting 
the issue! So far no fast algorithm were found for the k-spatial entropy exposed in GISRUK 
2010 (Leibovici et al. 2010, 2011ab). Whilst packaging it into R (Leibovici 2013), some 
interesting outcomes surprised me in terms of conceptual aspects, algorithms performances 
and R coding. This paper addresses the particular method that is both conceptually interesting 
and very fast to compute.  

Extending the k-spatial entropy framework to any type of geometries, as for areal data 
(compositional data, census data), using weights attached to the geometries, and relaxing the 
one-variable category per geometry, became computationally intensive. The self-k-spatial 
entropy index can overcome partially these issues. With census data, it is desirable to report 
back the entropic variations within and across a particular zoning system at which the 
decision-making has a direct impact. Constraining the k-spatial entropy methodology 
approach using a particular zoning, say Wards when the data is collected or simulated at OA 
levels, keeps the computational time down and can be easily parallelised. Besides using 
existing zoning systems for describing population dynamics, the proposed approach can also 
be used for zoning system optimisation (Daras, 2006, Haynes et al. 2007). This last aspect is 
discussed for two related zoning optimisation:  

• finding a zoning system with minimum k-spatial entropy across the zones and 
maximum k-spatial entropy within each zone (minAmaxW) 

• finding a zoning system with maximum k-spatial entropy across the zones and 
minimum k-spatial entropy within (maxAminW).  

The minAmaxW optimisation produces a zoning system that differentiates the most a set of 
most homogeneous zones whilst maxAminW looks for a set of regions the most similar but 
themselves being the least uniform. Examples using the MoSes data (Birkin et al. 2009), a 
microsimulation of the evolution of the population in Leeds between 2001and 2031, are 
shown. The social grade variable (A/B: professional middle managers, C1: other non-manual 
workers, C2: skilled manual workers, D: other manual workers, and E: on 
benefit/unemployed) is chosen for this paper. 

2.	  Zoning	  and	  entropy	  	  
For a set of regions 𝑅 and the distribution of a categorical variable 𝐶 over the regions: a set of 
proportions 𝑝!" with 𝑝!" = 1!,!  representing the distribution of cases by category and by 
regions, 𝑝!" = 𝑛!"/𝑁, with 𝑁 as the total population count, one can use the property of the 
conditional entropy to get: 



𝐻 𝐶,𝑅 = − 𝑝!" log(𝑝!")      !,!
= − 𝑝.! 𝑙𝑜𝑔 𝑝.! − 𝑝.!( 𝑝!/! 𝑙𝑜𝑔(𝑝!/!)      !!!

= 𝐻 𝑅 + 𝐻(𝐶/𝑅) =   𝐻 𝐶 + 𝐻(𝑅/𝐶)

    (1)  

where 𝑝!/! = 𝑝!"/𝑝.! with 𝑝.! = 𝑝!"   ! is the conditional probability of the category 𝑐 from 
the categorical variable 𝐶 given the region 𝑅 = 𝑟. In other words (1) often called the entropy 
decomposition theorem (Theil 1972) insures that the entropy of a categorical variable 
disaggregated over a spatial support is the sum of the entropy of the spatial support margins 
and the conditional entropy of the categorical variable given the spatial support. The 
conditional entropy measures the variables association: 

 0 ≤ 𝐻(𝐶/𝑅) ≤ 𝐻 𝐶       (2) 

reaching the lower bound when 𝐶 is completely determined by 𝑅 and the upper bound when 𝐶 
and 𝑅 are two independent random variables. Finding a spatial support that tries to reach 
either bound can be of interest in population sciences. A zoning system explaining most of the 
categorical variables distributions can facilitate policy implementations but working with a 
zoning system independent of the studied variables facilitates global policy-making expecting 
to impact equally in each area. 

The data is usually available already at a given scale following a particular zoning system, 
then with an extra zoning system 𝑍 aggregating the given one (1) becomes: 

𝐻 𝐶,𝑅 = 𝐻 𝐶,𝑅(𝑍) = − 𝑝!"(!) log(𝑝!"(!))      !,! !

= − 𝑝..(!) 𝑙𝑜𝑔 𝑝..(!) − 𝑝..(!)( 𝑝!"/(!) 𝑙𝑜𝑔(𝑝(!"/(!))      !,!∈!!!

= 𝐻 𝑍 + 𝐻((𝐶,𝑅)/𝑍) =   𝐻(𝑍)+ 𝐻(𝑅/𝑍)   + 𝐻(𝐶/(𝑅,𝑍))

  (3) 

where 𝑍 is seen as a nesting factor in relation to 𝑅. The term 𝐻((𝐶,𝑅)/𝑍),  the conditional 
entropy of the set of all local observations at 𝑅 level given the 𝑍 aggregated level is the 
expectation of the local entropies, i.e. over all the  𝑟 regions within the 𝑧 locally aggregating. 
Therefore the decomposition in (3) has the advantage of allowing a map representation at the 
𝑍 aggregating scale whilst also preserving a global measure assessment (the decomposition 
itself).  

3.	  Self-‐k-‐spatial	  entropy	  	  
The Shannon entropy on the spatially distributed values of 𝐶, the joint distribution of the 
categorical variable and the support 𝑅, has some drawback. A permutation of the regions will 
give the same entropy value, as well as (1). This is not reflecting the spatial pattern of their 
occurrences. Leibovici (2009) introduced a spatial entropy index using directly the 
collocation of the occurrences, building a distribution related to the clustering of the 
observations: the k-spatial entropy. A collocation is defined by vicinity, e.g. a maximum 
distance between k occurrences (k being the number of events to be considered in one 
collocation: pairs, triples, or quadruples). The co-occurrence distribution can be multivariate, 
the running index for the distribution 𝑐!!referring to all combination of the categories.  

 



 

Figure 1. Entropy decompositions with Ward zoning (top panel): all for the Shannon and the 
self-k-spatial zoning entropy (bottom panel ): local values of the within self-k-spatial 

entropies at 3000m 
Leibovici (2011b) introduced a simpler index, the self-k-spatial entropy (4), looking only at 
co-occurrences of one category with itself: 𝑝!!!,! = 𝑝!!!,!for example with 𝑘 = 3, so only the 
hyper-diagonal of the co-occurrence table is used:  

𝐻!"! 𝐶,𝑑 = − 1 log 𝑛!
𝑝!!  …!,! log(𝑝!!…!,!)!     (4) 

The classical entropy is derived from the distribution of the contingencies of each category 
whilst the self-k-spatial entropy is derived from the spatial co-occurrences of each category. 

The vicinity defined by the collocation distance 𝑑 can be modified to take into account a 
zoning system 𝑍. The modified statistics (the self-k-spatial zoning entropy) (5) still counts 
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the co-occurrences using the collocation distance 𝑑 but only within each zone 𝑧 which acts as 
a boundary limit, as for the within 𝑍 entropies in equation (3): 

𝐻!"#! 𝐶,𝑑 = 𝐻!"! 𝐶, 𝑍,𝑑 = − 1 log 𝑛!
𝑝!!  …!, !,! log(𝑝!!…!, !,! )!    (5) 

When the distance 𝑑 become large enough (5) corresponds to a 𝐻!"! 𝐶, 𝑍 ,  the simplest 
approach where the vicinity of the co-occurrences is fixed and is the same for all 
observations within the same zone 𝑧. Considering the contingencies of co-occurrences as 
aggregated or disaggregated in the same way as for contingencies of occurrences, the 
decomposition (3) is valid for this entropy (re-weighted by the factors of log 𝑛! ).  
Figure 1 illustrates this decomposition for the social grades variable. In (5) the subdivision 𝑅 
disappears as the extension to areal data uses a weighted geometry approach (allowing all the 
observations to contribute as if we had point data), therefore the decomposition used is (1), is 
at the coarser scale 𝑍 but with areal co-occurrences made at the finer scale 𝑅.  

4.	  Zoning	  optimisation	  
The generic zoning optimisation approach (Daras 2006) aggregated the 2439 OAs into 33 
zones (as many as Wards) using a homogeneity objective function (6), for a single attribute 
variable, here the within variance for the grouping into 𝑁! zones: 

𝑍!"# = 𝑎𝑟𝑔min
!

!≻!
!∈𝒵

     𝑡 𝑦 𝐼𝑑 − 𝑃! 𝑦 /(𝑛 − 𝑁!)   (6) 

where the numerator is just expressing using projectors the sum of squares of residuals from  
the local mean for each zone of the attribute 𝑦, and 𝑍 aggregating 𝑅, (𝑍 ≻ 𝑅)  belonging to a 
range of valid zoning 𝒵 defined by a set of constraints such as the compactness of the shapes 
(the mean of the distances to the centroid). As no initial threshold is chosen for the 
compactness, the constraint is operating in a competing way during the algorithm: moving a 
unit to one zone or another. 
The attribute chosen is the proportion of manual workers (aggregating social grades C2 and 
D). Figure 2 shows clearly the improvement from Figure 1 concerning the overall conditional 
entropy pursuing a maxAminW objective but the entropic profile is flatter, nonetheless lower 
than Figure 1. As the new zones have now homogeneous proportions of manual workers the 
differences between Figure 1 and 2 is due to the co-occurrences of other social grades 
knowing also that collocation of different categories will have transformed the profiles of the 
new zones. For example part of the lower entropies in the center on Figure 1 is due to a high 
proportion of E relatively to A/B or C1, which is transformed on Figure 2 to get about the 
same and reversed for the areas overlapping wards 31 and 21.  
The self-k-spatial entropy has an easier interpretation and is faster to compute than the 
multivariate k-spatial entropy. Using a zoning system to constraint the computation has the 
advantage of being even faster but also to provide a localisation of the patterns. Nonetheless 
the choice of 𝑍 is of concern. Because of the decomposition (1) or (3), the minAmaxW 
optimisation influence also the whole entropy: 

𝑍!"#!$% = 𝑎𝑟𝑔min
!

!≻!
!∈𝒵

     𝛼𝐻!"#! 𝑍 + 𝛽/𝐻!"#! (𝐶/𝑍)   (7) 



where the optimisation choices: (𝛼 + 𝛽) = 1, allow emphasizing more or less on one term in 
the optimisation and within a set of quality constraints fixed by the ensemble 𝒵 such as 
number of zones, minimum number of population etc. The maxAminW is derived in a 
similar way to obtain 𝑍!"#!$%. 
 

 

Figure 2. Entropy decompositions with the optimised zoning (top panel): all for the Shannon 
and the self-k-spatial zoning entropy. (bottom panel ): local values of the within self-k-spatial 

entropies at 3000m (with Wards overlaid) 
The social grade zoning optimisation with the minAmaxW and maxAminW is meant to 
improe any independent zoning approach, as on Figure 2, towards the given objective. This 
result with other examples for other variables will be shown for the MoSes data. 
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5.	  Discussion	  	  
Using a zoning system speeds up considerably the computational time for the self-k-spatial 
entropy, itself faster than the multivariate k-spatial entropy. Nonetheless the sum over each 
zone of 𝑍 of the co-occurrence counts is only an approximation of the whole area co-
occurrence distribution, as cross-zone border counts are discarded. The value of the self-k-
spatial entropy at collocation distance of 3000m is 0.358 so quite close to 0.529, the H(C) 
value on Figure 1 but closer to 0.373, the H(C) value on Figure 2. Removing cross-border co-
occurrences have here a global “smoothing” effect (for both zonings) which is recovered 
locally within the zoning. The is compatible finding a zoning which reveals the spatial 
patterns associated with the categorical variable, whilst loosing on the re-aggreagated 
statistic. The application for zoning optimisation opens up the choices of criteria for this type 
of spatial clustering where homogeneity and heterogeneity integrates a spatial component: 
the distribution of co-occurrences. 
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