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I N T RO D U C T I O N
In geophysical exploration, seismic interferometry comprises a set
of techniques that allow a wavefield (theoretically, a Green’s function) that would propagate between two receiver locations to be
synthetized, as if one receiver had been replaced by an impulsive
(or transient) source, generally known as a virtual source. This is
usually obtained by cross-correlation of the wavefields observed at
each receiver from an enclosing boundary or distribution of energy
sources (Weaver & Lobkis 2001; Campillo & Paul 2003; Curtis
et al. 2006; Schuster 2009; Wapenaar et al. 2010a,b; Galetti &
Curtis 2012). Various authors have derived the theory for lossless
(Schuster et al. 2004; Wapenaar 2004; van Manen et al. 2005,
2006; Wapenaar & Fokkema 2006) and dissipative media (Snieder
2006), and this has been applied to obtain body wave estimates

C

from controlled-source data (Bakulin & Calvert 2006) and in passive seismic data (Draganov et al. 2006; Forghani & Snieder 2010;
Ruigrok et al. 2010). Mehta et al. (2007) demonstrate that when
sources are not uniformly distributed around the receivers (e.g. if
the medium of interest is illuminated from one side only), wavefield
separation of the recorded wavefields into their upgoing and downgoing components can improve the quality of the virtual reflection
response. This mitigates artifacts associated with the limited acquisition aperture typically used in practice, and constructs a virtual
wavefield response deprived of downgoing reflections and multiples from the overburden above a subsurface (e.g. borehole) array
of receivers and virtual sources.
In the non-ideal situation of limited arrays of sources and receivers, the correlation function is proportional to the Green’s function from a source that is blurred in space and time. This blurring
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SUMMARY
Seismic interferometry comprises a suite of methods to redatum recorded wavefields to those
that would have been recorded if different sources (so-called virtual sources) had been activated. Seismic interferometry by cross-correlation has been formulated using either two-way
(for full wavefields) or one-way (for directionally decomposed wavefields) representation theorems. To obtain improved Green’s function estimates, the cross-correlation result can be
deconvolved by a quantity that identifies the smearing of the virtual source in space and time,
the so-called point-spread function. This type of interferometry, known as interferometry by
multidimensional deconvolution (MDD), has so far been applied only to one-way directionally
decomposed fields, requiring accurate wavefield decomposition from dual (e.g. pressure and
velocity) recordings. Here we propose a form of interferometry by multidimensional deconvolution that uses full wavefields with two-way representations, and simultaneously invert for
pressure and (normal) velocity Green’s functions, rather than only velocity responses as for
its one-way counterpart. Tests on synthetic data show that two-way MDD improves on results
of interferometry by cross-correlation, and generally produces estimates of similar quality to
those obtained by one-way MDD, suggesting that the preliminary decomposition into up- and
downgoing components of the pressure field is not required if pressure and velocity data are
jointly used in the deconvolution. We also show that constraints on the directionality of the
Green’s functions sought can be added directly into the MDD inversion process to further
improve two-way multidimensional deconvolution. Finally, as a by-product of having pressure
and particle velocity measurements, we adapt one- and two-way representation theorems to
convert any particle velocity receiver into its corresponding virtual dipole/gradient source by
means of MDD. Thus data recorded from standard monopolar (e.g. marine) pressure sources
can be converted into data from dipolar (derivative) sources at no extra acquisition cost.
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Figure 1. Acquisition geometry used in seismic interferometry by MDD.
The red star denotes a source, blue triangles are receivers along the boundary
∂ DR and the white triangle refers to the receiver that seismic interferometry
turns into a virtual source. The solid line corresponds to the portion of
the surface ∂ DR where data are assumed to be available. Rays denote the
decomposition of the wavefields in terms of waves that are either in- (down,
+) or out- (up, −) going at the boundary.

O N E - A N D T W O - WAY
R E P R E S E N TAT I O N T H E O R E M S
F O R S E I S M I C I N T E R F E R O M E T RY
Recordings of waves propagating between xs and xvs in the geometrical configuration shown in Fig. 1 can be constructed by crossconvolution via the following two-way integral (Wapenaar et al.
2011)

p(xr , xs , ω)G vn ,q (xr , xvs , ω)
p(xvs , xs , ω) =
∂ DR

− vn (xr , xs , ω)G p,q (xr , xvs , ω) dxr

(1)

where for each angular frequency ω, p and vn represent the pressure
and normal particle velocity recorded at the receiver boundary ∂ DR
from a monopole source at xs . vn = v·n where v is the particle
velocity vector and n is the outward pointing normal vector (Fig. 1).
G p,q and G vn ,q denote the Green’s functions from a monopole
source (q) to pressure and normal velocity receivers, respectively,
and in eq. (1) these Green’s functions are from a virtual source
located at xvs . It is important to remember that the fields p, vn can
represent a different wave state from G p,q , G vn ,q and that p, vn can
be related to G p,q , G vn ,q by reciprocity theorems inside ∂ DR where
the medium is assumed to be the same for both states (Fokkema &
van den Berg 1993). For example, G p,q and G vn ,q may belong to a
state with different boundary conditions at ∂ DR , different sources,
and/or different medium parameters outside of ∂ DR , compared to
those that pertain to the waves in p and vn .
In most practical situations, receivers are not available on a closed
boundary, so the integration in eq. (1) is necessarily restricted to an
open receiver boundary. However, as long as the source xs is located
outside of ∂ DR , it suffices to take the integral over an open receiver
boundary such as the solid lines in Fig. 1 as Sommerfeld’s radiation
conditions (Sommerfeld 1954) may be assumed to apply on the halfsphere that would close the boundary, assuming that the half-sphere
boundary radius is large (hence the contribution of the integral over
that half-sphere vanishes). In the following we therefore replace the
closed boundary integral by an open boundary integral.
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is quantified by the so-called source point-spread function (PSF).
An even more accurate estimate of the Green’s function can be
obtained by deconvolving the PSF from the correlation function.
This is the essence of seismic interferometry by multidimensional
deconvolution (MDD – Wapenaar et al. 2008b, 2011; Wapenaar &
van der Neut 2010; Minato et al. 2011; van der Neut et al. 2011a;
Vasconcelos & Rickett 2013; Nakata et al. 2014; van Dalen et al.
2014). The advantages of MDD over interferometry by crosscorrelation are: (1) removal of the source signature, (2) improved
radiation characteristics of the retrieved source and (3) relaxation of the assumptions of a closed surface of regularly sampled
sources (e.g. one-sided illumination may be sufficient) and a lossless
medium. On the other hand, the MDD approach also has limitations:
(1) MDD requires a well-sampled array of receivers (it cannot be
applied to a single-receiver configuration), (2) the measured wavefields must first be decomposed into up- and downgoing components
for a complete cancellation of the effect of the overburden, requiring data acquisition using dual (i.e. pressure and particle velocity)
receivers—while an estimate of the first arriving downgoing wave
from single component receivers via time gating (van der Neut et al.
2011b) or single-trace deconvolution (Bellezza & Poletto 2014) can
only compensate for the blurring effects and spread distortions, (3)
the computational cost can be high due to the array operations involved and (4) the inverse problem that performs the deconvolution
is usually ill-conditioned and hence must be regularized.
In this paper, we show that the preliminary step of separating
measured wavefields into up- and downgoing components can be
avoided. By using pressure and velocity data jointly in a system
of MDD equations we invert simultaneously for pressure and velocity responses. To achieve this we use a two-way (full wavefield)
representation, thus differing from conventional MDD that is based
on a one-way (directional wavefield) representation. However, since
twice the number of virtual responses are estimated using the same
number of equations (this number depends on the number of available sources), the conditioning of two-way MDD is generally poorer
than that of one-way MDD: while adding a regularization term on
the solution norm is sometimes sufficient (as in one-way MDD),
other filters (based, for example, on the directionality of the virtual responses that we want to retrieve) or sparsity constraints (van
der Neut & Herrmann 2013) can be applied to better condition the
inversion process when needed.
When used for borehole redatuming, two-way MDD improves the
results of interferometry by cross-correlation by suppressing the effect of medium inhomogeneities in the overburden, and produces
estimates of similar quality to those obtained by one-way MDD
suggesting that the decomposition step is not required if pressure
and velocity data are used jointly in the inversion. When two-way
MDD is used for ocean-bottom multiple elimination, the virtual
responses are still of good quality (clear improvements can be seen
when compared to cross-correlation responses), although some interactions with the seabed are not entirely removed from the virtual
gather unless directionality constraints are added to the inversion.
Finally, representation theorems used for one- and two-way MDD
are adapted to transform any type of available particle velocity receivers (e.g. normal or radial velocities) into their corresponding
virtual dipole/gradient source. Thus we construct virtual data from
virtual dipole or velocity source excitations, even though the original data are only excited by monopole sources. This is shown to be
possible not only when dual data are acquired inside a borehole but
also in marine streamer acquisition, provided that the information
at near-offsets is carefully interpolated from available data (van der
Neut et al. 2012).

MDD without wavefield separation
The convolution-type integral in eq. (1), which is the basic expression for two-way seismic interferometry by cross-convolution,
may be converted into its one-way (directional) counterpart as follows. We assume that all fields can be locally separated into in- (+)
and outgoing (−) components at the boundary (see Appendix A for
a brief review of wavefield separation and for a description of the
associated requirements and limitations), such that p = p+ + p−
−
and G vn ,q = G +
vn ,q + G vn ,q (similarly for vn and G p,q ) as illustrated
in Fig. 1. Then eq. (1) is recast as

 +


−
p + p− G +
p=
vn ,q + G vn ,q

xs

Pout
xr

x vs

∂ DR




− vn+ + vn− G +p,q + G −p,q dxr .

(2)

∂ DR


−

∂ DR


=2

+p

+

(xr , xs , ω)G −
vn ,q (xr , xvs , ω) dxr

vn− (xr , xs , ω)G +p,q (xr , xvs , ω)

+ vn+ (xr , xs , ω)G −p,q (xr , xvs , ω) dxr

∂ DR

p− (xr , xs , ω)G +
vn ,q (xr , xvs , ω)

+ p+ (xr , xs , ω)G −
vn ,q (xr , xvs , ω) dxr
−

G+
vn ,q

(3)
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n
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Figure 2. Cartoon denoting the choice of the Green’s function wave state
in the one-way representation (eq. 5). Although both perturbations outside
(Pout – white dashed region) and inside (Pin – grey region) the boundary
∂ DR belong to the wave state of the recorded data, the medium is assumed
to be homogeneous outside of the boundary ∂ DR in the Green’s function
wave state, so only the perturbation inside surface ∂ DR is included in the
Green’s function state and hence in the solutions obtained. Keys as in Fig. 1.

O N E - A N D T W O - WAY
I N T E R F E R O M E T RY B Y M D D
Interferometry by MDD essentially consists of inverting eqs (1) or
(4) for the unknown Green’s functions. If there was a single source
(and so a single equation), the inverse problem would be ill-posed.
However, these equations hold for each source position xs outside of
∂ DR . Solving the ensemble of equations for any G is a better posed
problem. Nevertheless, the existence of the relevant inverse operator
is not guaranteed (indeed it seldom exists in practice) and its conditioning depends on many factors such as the number of available
sources, the source array aperture, and the source bandwidth.

−vn− G +p,q

and
where we have also used the fact that terms p
+ −
(as well as p+ G −
and
−v
G
)
give
equal
contributions
to the invn ,q
n
p,q
tegral to further reduce the number of terms involved in the integral
relation 3.
In addition, we are free to choose convenient boundary conditions at ∂ DR and medium parameters outside ∂ DR , for G. We
choose a specific type of Green’s function that has only the outward
+
propagating term—i.e. G vn ,q = G −
vn ,q , that is G vn ,q = 0. Effectively
then ∂ DR acts as an absorbing boundary for G vn ,q , or equivalently
the medium is homogenous outside of ∂ DR as shown in Fig. 2
(Wapenaar et al. 2011). Eq. (3) then simplifies to

p+ (xr , xs , ω)G −
(4)
p(xvs , xs , ω) = 2
vn ,q (xr , xvs , ω) dxr .
∂ DR

Eqs (1) and (4) are the respective starting points for two- and oneway interferometry by deconvolution. If terms G vn ,q and G p,q (or
alternatively G −
vn ,q ) inside the integrals are the unknown quantities
to be estimated, these equations need to be solved by MDD. For
applications of MDD where xvs is a receiver on ∂ DR , it is often
useful to consider only the outward propagating part of the field
at xvs by applying decomposition also on the left hand side of
eq. (4) [the outgoing part is p− (xvs , xs , ω)]. Whether the input on
the left of equation 4 is the full pressure field p or only the upgoing
part of the pressure field p− controls whether or not the estimated
Green’s function from xvs to xr contains the direct wave or not (see
Amundsen 2001).

One-way MDD
We first consider MDD using the one-way representation. For the
−
inversion of eq. (4) we first define G −
ow = 2G vn ,q , discretize the integration along the receivers to a summation, and write the equation
in matrix form for each angular frequency separately
p = p+ G−
ow ,

(5)

+

where p is a data matrix with rows and columns corresponding to
source locations xs and receiver locations xr , respectively. Similarly
p is a matrix with rows and columns corresponding to source locations xs and virtual source locations xvs . Finally G−
ow is a matrix
with rows and columns corresponding to receiver locations xr and
virtual source locations xvs .
We then define our objective: to obtain a least-squares estimate
of the unknown Green’s functions G−
ow by minimizing the misfit


−

Jow
= p − p+ G−
(6)
ow 2 ,
where subscript 2 denotes the l2-norm. Via some algebra (Menke
1989), the solution of eq. (6) can be written as the normal equation
 − −1 −
−
−
−
Cow ,
(7)
C−
ow =  ow Gow ⇔ Gow =  ow




H
H
+
+
p+ and C−
p with H denoting the
where  −
ow = p
ow = p
conjugate transpose matrix. After Wapenaar et al. (2011) and van
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Following the same reasoning used by Wapenaar & Berkhout
(1989), Wapenaar & Fokkema (2006) and Vasconcelos et al. (2014),
the two products between purely in-going terms at the stationary
receiver locations (such receivers yield the dominant physical contributions to eq. 2) have opposite contributions that cancel, and
this also happens for the products between the two outgoing terms.
Consequently, these terms do not contribute to the convolution-type
integral, such that eq. (2) can be reduced to

p− (xr , xs , ω)G +
p(xvs , xs , ω) =
vn ,q (xr , xvs , ω)

3
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der Neut et al. (2011a),  −
ow is hereafter referred to as a wavefield
PSF, while the matrix C−
ow is the cross-correlation function. Eq. (7)
states that the correlation function C−
ow is proportional to the sought
−
Green’s function G−
ow , smeared in space and time by  ow .
−
Exact minimization of Jow generally results in an unstable solution that is not desired. Numerical instability can be prevented
by introducing an additional constraint on the solution norm (commonly referred to as regularization):




−
2  − 

= p − p+ G−
(8)
Jow
ow 2 + λG Gow 2

where the PSF and cross-correlation matrices are block matrices
composed of different combinations of pressure and velocity data:
⎤
⎡
(p̄) H p̄ − (p̄) H v̄
H
⎦,
 tw = (d) d = ⎣
(v̄) H v̄
− (v̄) H p̄

Ctw = (d) p =
H

(p̄) H p
− (v̄) H p


(13)

 †
and  tw is the regularized inverse of the two-way PSF.

and the solution of eq. (8) is then
† −
 −
−1 −

2
Cow =  −
G−
ow =  ow + λG I
ow Cow ,

(9)

where λG controls the balance between minimizing the data residual
(low λG ) and the solution norm (high λG ). Here † is used to identify
†

is the regularized inverse of the
the regularized inverse and  −
ow
one-way PSF.
Two-way MDD
The two-way representation in eq. (1) is now converted into matrix
equations suitable for inversion. Arranging the fields p(xr , xs , ω)
and vn (xr , xs , ω) into matrices p̄ and v̄ (a bar is added to emphasize that these are full data recorded by receivers xr as opposed to
virtual sources xvs as in absence of the bar), and the Green’s functions G p,q (xr , xvs , ω) and G vn ,q (xr , xvs , ω) into matrices Gp and Gv
similarly to above, we can write

 Gv
p = p̄ −v̄
Gp

⇔ p = dGtw ,

(10)

where d is the first matrix composed of the concatenation of pressure and (negative) velocity data, and Gtw is the second matrix composed of the concatenation of velocity and pressure of the unknown
Green’s functions. The least squares solution is again obtained by
minimizing the misfit
Jtw = p − dGtw 2 + λ2G Gtw 2

(11)

and the solution is

−1
Gtw =  tw + λ2G I Ctw = ( tw )† Ctw ,

(12)

Directional constraints on two-way MDD
In order to define a wave state uniquely, medium parameters, boundary conditions and sources type need to be selected. We know that
the convolution-type representation used as a starting point for seismic interferometry by MDD allows for an arbitrary choice of the
Green’s function wave state with possibly different boundary conditions at ∂ DR and medium parameters outside of ∂ DR from those
of the data. In the one-way representation, Wapenaar et al. (2011)
choose the medium to be homogeneous outside of boundary ∂ DR
(i.e. G +
vn ,q = 0). This implies that the sought Green’s function is
uniquely defined. However, this particular condition cannot be used
directly for the two-way representation because full fields are used
in eq. (1) rather than up- and downgoing separated fields: the solution obtained by solving eq. (11) via MDD thus mainly depends on
the minimization criterion and regularization applied. Additional
linear constraints can be applied to drive the inversion towards a
particular desired Green’s function solution.
For comparison with existing methods, here we show how we
can estimate the solution of one-way MDD (in case that is what is
desired) by implicitly ensuring that the downgoing Green’s function
+
components G +
vn ,q and/or G p,q go to zero. In order to do so, we
first need to recall the decomposition operators in the frequencywavenumber domain that, when applied to pressure and velocity
time and space Fourier transformed fields, identify their downgoing
components:
D+
p =

1
ξ (k x,r )I
2


I ,

D+
v =

1
I
2

1/ξ (k x,r )I



(14)
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Figure 3. (a) Configuration for borehole redatuming. Sources (red stars) are situated at the earth’s surface, while receivers (blue triangles) and the virtual
source (white triangle) are in a well below a ‘complex’ overburden. (b) Recorded pressure data from source at xs = 0 m.

MDD without wavefield separation
where ξ is the so-called obliquity factor and kx,r is the horizontal
wavenumber at the receiver array (see Appendix A for their derivation). To be able to apply directionality constraints to the two-way
representation in either eq. (1) or its discretized version in eq. (10),
we first transform these equations from the frequency–space to the
frequency–wavenumber domain by assuming that an array of receivers xr is available along a horizontal line (in 2-D) or plane
(in 3-D) and make use of Parceval’s identity (Amundsen 2001)
resulting in
 +∞
p(−k x,r , xs , ω)G vn ,q (k x,r , xvs , ω)
p(xvs , xs , ω) =
−∞

− vn (−k x,r , xs , ω)G p,q (k x,r , xvs , ω) dk x,r .

(15)

Parameters λ D p and λ Dv control the extent to which we wish
the solution to contain less downgoing than upgoing energy (larger
values of λ D p and λ Dv result in less downgoing energy). The solution

(a)

(b)

C One-way

 †
= −
tw Ctw .

−0.6

−0.3

−0.3

0

0

0.3

0.3

(17)

Virtual dipole sources with one- and two-way MDD
Particle velocity measurements are generally required by algorithms
for wavefield decomposition, both as a pre-processing step for oneway MDD as well as by two-way MDD to directly estimate virtual
recordings. These measurements (or the up- and downgoing fields
obtained by combining them with pressure data) are taken into account at the receiver locations xr in representation theorems 1 and
4, while only pressure data are used at the virtual source location
xvs . However, if we multiply each side of eq. (1) by the operator that transforms pressure fields into particle velocity fields (i.e.
−( jωρ)−1 ∂i to obtain particle velocity in coordinate direction i) at
the virtual source location, we can create a modified representation
theorem that allows us to estimate pressure and normal particle velocity Green’s functions from dipolar (spatial derivative) sources
(fi ) at the virtual source location, provided that we have appropriate velocity (and/or pressure array) sensors at the virtual source
locations:

p(xr , xs , ω)G vn , fi (xr , xvs , ω)
vi (xvs , xs , ω) =
∂ DR

C Two-way

−0.6

t(s)

of the minimization problem in eq. (16) is

−1
 H +
 H +
Dp + λ2Dv D+
Dv + λ2G I
Ctw
Gtw =  tw + λ2D p D+
p
v

− vn (xr , xs , ω)G p, fi (xr , xvs , ω) dxr

(18)

with i = x,z (or any other direction obtained by combining the available velocity measurements). Similarly the one-way representation
in eq. (4) can be written as

p+ (xr , xs , ω)G −
(19)
vi (xvs , xs , ω) = 2
vn , f i (xr , xvs , ω) dxr .
∂ DR

0
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Figure 4. (a) Interferometry by cross-correlation of decomposed wavefields
(i.e. one-way representation), compared with (b) cross-correlation of full
wavefields (i.e. two-way representation) for the configuration in Fig. 3a. In
the two-way cross-correlation, each side of (b) represents a block in eq. (13).
Left is (p̄) H p and right is − (v̄) H p.
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Note that the recorded data on the left-hand side of eq. (15)
remains in the frequency-space domain since we only need to transform across the receiver array. After discretizing eq. (15) in the
same way as for eq. (1), the directionality constraints can be added
to the least-squares objective function:




−
2  +


= Jtw + λ2D p D+
(16)
Jtw
p Gtw 2 + λ Dv Dv Gtw 2 .
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EXAMPLES
We now use synthetic examples to explore the relative effectiveness
of correlational, and one- and two-way MDD based interferometry
for Green’s function estimation. There are important differences
between the data that can be acquired in borehole, ocean bottom
and marine seismics so we investigate each in turn.

Borehole redatuming
In our first example the seismic wavefield generated by sources at
the Earth’s surface is measured by receivers in a horizontal borehole below a complex overburden. Seismic interferometry redatums
sources into virtual sources in the borehole (Bakulin & Calvert
2006) and MDD removes the effects of medium inhomogeneities
between sources and receivers (Wapenaar & van der Neut 2010).
The complex overburden is here composed of fine layers and a gas
cloud (white ellipse) that acts as an acoustic lens, while a target such
as a hydrocarbon reservoir is located around 800m depth (Fig. 3a).
Data (Fig. 3b) are generated from an array of 251 sources
with spacing xs = 16m firing into 101 dual receivers spaced at
xr = 8m using a finite-difference code which models the full set
of acoustic first-order partial differential equations for pressure and
particle velocity (Fokkema & van den Berg 1993) in a staggeredgrid scheme. The source excitation function is a zero-phase Ricker
wavelet with a 20 Hz peak frequency, and absorbing boundaries
are placed on all sides of the model. To perform wavefield separation of the recorded data in the frequency-wavenumber domain (see
Appendix A for the mathematical derivation), we assume that the
medium properties at the receiver level are known (here they are
c = 2100 m s−1 and ρ = 1000 kg m−3 ).
Fig. 4 shows the correlation functions for one- and two-way interferometry. The response of the reservoir is not clearly visible in the
correlation functions (compare with Fig. 7a) because strong coherent events arising from cross-talk between upgoing and downgoing
events populate the gathers. The effect of these events can similarly
be observed in the PSFs in Fig. 5, which deviate from band-limited
delta functions, and which need to be inverted and deconvolved by

MDD: according to eqs (7) and (12), the correlation functions in
Fig. 4 can be seen as the desired response convolved in space and
time with the PSFs in Fig. 5. Note that since in the one-way case we
auto-correlate the downgoing field to construct the PSF, spurious
events are fewer compared to those in the two-way case where the
full field is used. This is natural because significantly more information is implicit (assumed) in the one-way equations, specifically
the wavefield decomposition into up- and downgoing fields.
Generally the more the PSF deviates from a band-limited delta
function, the more the MDD becomes ill-posed and extra care has
to be taken in the inversion. This can be observed in the eigenvalues
of the PSFs for each frequency (Fig. 6): although two-way MDD
has doubled the dimensions of the PSF, almost half of its most
significant singular values are very similar to those of one-way
MDD (Fig. 6a), while the remaining half are close to zero (Fig. 6b)
making the problem severely ill-posed.
The benefit of deconvolving the PSF is illustrated in Fig. 7:
when its effect is removed from the correlation functions, the
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pressure and normal velocity recordings at virtual locations, even if
only monopolar sources are available in the physical experiment.
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Figure 8. Pressure Green’s function from a virtual monopole source for
the configuration in Fig. 3a. (a) Modelled response and solution from (b)
two-way MDD.
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Figure 7. Velocity Green’s function from a virtual monopole (pressure) source for the configuration in Fig. 3a. (a) Modelled response, and solutions from (b)
one-way MDD and (c) two-way MDD.
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tation theorems in eqs (18) and (19). In particular, by using the
horizontal component of the recorded field (i = x) in the left-hand
side of these equations, we reconstruct Green’s functions from a
virtual horizontal dipole source to velocity (Fig. 9) and pressure
(Fig. 10) receivers. The improvement arising by deconvolving the
 +H
vx
PSF from the one-way cross-correlation function [C−
ow = p
– Fig. 9b] is shown in Figs 9(c), (d) and 10(b). When one-way MDD
is used, cross-talk events that overlap the response of the reservoir
in the cross-correlation gather are properly mitigated, leaving only
the events of interest with their characteristic dipolar radiation pattern in the deconvolved response (Fig. 9c). Two-way MDD is also
proven to produce equally good estimates of the normal velocity
Green’s function (Fig. 9d) together with the pressure Green’s function (Fig. 10b) using full (rather than decomposed) pressure and
velocity fields. We refer to Appendix B for a discussion on the
polarity of causal and anticausal solutions.

(a)
−0.6

t(s)

match between the directly modelled response from the reservoir
(Fig. 7a) and that from one-way MDD (Fig. 7b) and two-way MDD
by means of eq. (12) (Fig. 7c) is much improved. The retrieved
responses are in fact free of multiple scattering caused by the
geological layers and gas cloud in the overburden. Note also that,
since the recorded pressure and normal velocity fields are used
directly in the inversion, two-way MDD does not require any (accurate) estimate of medium properties along the receiver array to be
successful.
Interestingly, the Green’s functions retrieved by two-way MDD
by means of eq. (12) shows symmetry with respect to the time axis,
even though we would expect energy only in the causal part of the
virtual field as stated in eqs (1) and (10). Mathematically speaking,
events in the anticausal part of the solution of two-way MDD are the
direct consequence of choosing a regularization term that favours
the minimum norm solution [i.e. ( tw )† = ( tw + λI)−1 ]: by making
the Green’s function real and symmetric in time, events in the anticausal part make the solution also real and symmetric in frequency,
thus cancelling its imaginary component and minimizing its total
energy (and hence also its norm). Moreover, as shown in Appendix
B, there is also a physical reason for the retrieval of the anticausal
part of the Green’s function. G ∗vn ,q and G ∗p,q are in fact solutions of
the correlation-type representation theorem (eq. B1) that involves
the same recorded data p and vn of the convolution-type representation theorem in eq. (1). However, it is important to note that the
contribution of the half-sphere closing the boundary ∂ DR in Fig. 1
cannot be neglected since radiation conditions cannot be applied to
the correlation-type representation (Wapenaar & Fokkema 2006).
Therefore we expect the anticausal estimate to be less trustworthy
than the causal one in scenarios where receivers are not available on
a closed boundary. We thus suggest to use the causal response as the
estimate of the Green’s function for two-way MDD. Additionally,
seismic interferometry by means of two-way representations also
recovers an estimate of the pressure Green’s function as shown in
Fig. 8. Note that in this case the anticausal part of the estimated
Green’s functions again contains arrivals from the reservoir but the
polarity is reversed compared to the causal component (as expected
– see Appendix B).
We then applied seismic interferometry by MDD to monopole
(pressure and particle velocity) data to construct virtual dipole
sources from particle velocity receivers by inverting the represen-
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Figure 10. Pressure Green’s function from a virtual horizontal dipole source
for the configuration in Fig. 3a. (a) Modelled response and (b) solution from
two-way MDD.
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Figure 9. Velocity Green’s function from a virtual horizontal dipole source for the configuration in Fig. 3a. (a) Modelled response, (b) result of interferometry
by cross-correlation, and solutions from (c) one-way MDD and (d) two-way MDD.
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Figure 11. (a) Configuration for ocean-bottom multiple elimination. Sources (red stars) are situated just below the top surface, while receivers (blue triangles)
and virtual source (white triangle) are at the ocean bottom. (b) Recorded pressure data from source at xs = 0 m.
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As discussed extensively in van der Neut et al. (2011a) and
Wapenaar et al. (2011), interferometry by MDD is akin to multiple elimination when applied to ocean-bottom data (Ziolkowski
et al. 1999; Amundsen 2001). Here we apply one-way and two-way
interferometry by MDD to synthetic acoustic data generated using
an array of 126 sources with spacing xs = 8m deployed just below the water surface and 101 dual receivers (recording acoustic
pressure and normal particle velocity) spaced at xr = 8m at the
ocean bottom (Fig. 11a). Our objective is to synthetize the virtual
response of the half-space below ∂ DR , without any multiple reflections related to the ocean bottom and the water surface that affect
the recorded data (Fig. 11b), and to test whether this is also possible
using two-way MDD.
We use a model composed of three horizontal layers: the first
layer is water (v = 1500 m s−1 ), while the second and third layers
have velocities 1700 and 2200 m s−1 , respectively (Fig. 11). Data
are generated using a zero-phase Ricker wavelet with 20 Hz peak
frequency, a free-surface at the top of the model and absorbing
boundaries on all other sides of the model. Wavefield decomposition
is applied to the dual recordings at the ocean bottom using the
medium parameters of the first layer below the ocean bottom to
obtain the downgoing pressure field p+ (xr , xs , t) just below the
ocean bottom (Amundsen & Reitan 1995; Schalkwijk et al. 2003).

The correlation function (Fig. 12a) and PSF (Fig. 13a) are then
computed for the one-way model by eq. (7) and compared to those
of the two-way model in eq. (13) (Figs 12b and 13b). The match
of both correlation functions with the response of the interface
below the receiver array (Fig. 14a) is reasonably good, however the
correlation gathers also contain many spurious multiple reflections
due to the crosstalk between upgoing and downgoing events in
the data. Moreover, apart from band-limited delta functions around
xr = 0, t = 0, the PSFs also contain multiple reflections.
The results of the MDD procedure are shown in Fig. 14: the effect
of spurious multiples in Fig. 12 have been mitigated by either oneor two-way MDD and an estimate of the velocity Green’s function
(for a virtual monopole source xvs fixed at the central receiver—the
white triangle in Fig. 11) is obtained. We notice however that when
the two-way representation theorem is solved via MDD without
directional constraints as in eq. (12) (Fig. 14c), the retrieved Green’s
function not only shows symmetry with respect to the time axis as in
the previous example, but weak residual energy of multiple events
from the seabed around ±0.4 s also remains in the MDD estimate.
This indicates that the basic two-way MDD is less successful than
one-way MDD in removing the effect of the overburden, in this
seabed case.
As in the previous example, the difference in the solution of
two-way MDD compared to that of one-way MDD (Fig. 14b) is

0.4
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0.4
−400
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400
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Figure 12. (a) Interferometry by cross-correlation of (a) decomposed wavefields and (b) full wavefields for the configuration in Fig. 11a. In (b) the
left-hand side is (p̄) H p and the right-hand side is − (v̄) H p.
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Figure 13. PSF of (a) one-way interferometry by MDD and (b) two-way
interferometry by MDD for the configuration in Fig. 11a. In two-way MDD,
the PSF is a block matrix and each quadrant in (b) represents a block in eq.
(13). Top left is (p̄) H p̄, top right is − (p̄) H v̄, bottom left is − (v̄) H p̄ and
bottom right is (v̄) H v̄.
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Figure 15. Pressure Green’s function from a virtual monopole source for the configuration in Fig. 11a. (a) Modelled response, and solutions from (b) two-way
MDD and (c) two-way directionally-constrained MDD.

a consequence of the fact that any pair of Green’s functions G p,q
and G vn ,q that fit the recorded data, and which belong to a state
with the same medium parameters as the recorded data p and vn inside ∂ DR , but possibly different boundary conditions at ∂ DR and/or
different medium parameters outside ∂ DR , are a valid choice of
Green’s functions for the representation theorem in eqs (1) and (2).
By adding boundary constraints on the directionality of the pressure and velocity Green’s functions to the two-way representation
(eq. 11) as shown in eq. (16), we define the particular Green’s
function that we wish to estimate and the solution of two-way constrained MDD (Fig. 14d) becomes very similar to that retrieved by
one-way MDD (Fig. 14b). We have noted that these directionality
constraints are particularly beneficial in the case of receivers sitting
on a discontinuity (e.g. the seabed) that generates prominent multiples in the data. In fact, by using the medium parameters of the layer
below the ocean bottom in the directionality constraints (as well as
in wavefield decomposition applied before one-way MDD), we have
enforced the receiver line to be below the seabed, such that its effect is suppressed by MDD. This was not possible in unconstrainted

two-way MDD because the recordings were directly used in the inversion process. Additionally, seismic interferometry by means of
the two-way representation also recovers an estimate of the pressure
Green’s function as shown in Fig. 15. Similarly to the retrieval of
the velocity Green’s function, two-way MDD leaves some spurious events in the pressure field (Fig. 15b) that are suppressed in its
directionally constrained counterpart (Fig. 15c).
To further study the role of directionality constraints on two-way
MDD, Fig. 16 shows the eigenvalues of the three different PSFs for
each frequency. While almost half of the most significant PSF singular values for two-way MDD (Fig. 16b) are very similar to those
of one-way MDD (Fig. 16a) and the remaining half dramatically
drop towards zero, the role of the constraint on directionally of the
sought Green’s functions becomes evident in Fig. 16(c). The null
(or very small) singular values of the two-way PSF are increased
in magnitude while the large singular values are almost unchanged.
Since conditioning depends on the magnitude of the small singular
values compared to the largest, this is clearly improved by the added
constraints.
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Figure 14. Velocity Green’s function from a virtual monopole source for the configuration in Fig. 11a. (a) Modelled response, and solutions from (b) one-way
MDD, (c) two-way MDD and (d) two-way directionally constrained MDD. White arrows indicate events that are reconstructed by two-way MDD and suppressed
using a directional constraint in two-way constrained MDD.
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(1) Near-offset missing traces are interpolated from the available
data as in van der Neut et al. (2012).
(2) The nearest offset available trace is simply replicated to all of
the nearer-offset missing traces.
(3) Near-offset missing traces are set to zero.
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Figure 16. Singular values at each frequency for appropriate PSF matrices
in each of the following cases for the configuration in Fig. 11a. (a) One-way
MDD (matrix  −
ow ), (b) two-way MDD (matrix  tw ) and (c) two-way direc2
H +
+ H +
tionally constrained MDD (matrix  tw + λ2D p (D+
p ) Dp + λ Dv (Dv ) Dv )
with λ2D p = λ2Dv = 10.

Marine streamer virtual dipole sources
In our final example we apply one- and two-way seismic interferometry by MDD to marine streamer type data. Data are modelled
an array of 126 sources with spacing xs = 8 m deployed just below the water surface and 101 dual receivers spaced at xr = 8 m
at 25 m depth inside the water column (Fig. 17a). We focus on
the estimate of Green’s functions from virtual dipole sources at
locations of particle velocity receivers along the streamer cable,
using only monopolar real sources during acquisition since dipole
sources are not readily available in many surveys. We only show
the velocity response from a virtual horizontal dipole source, but
estimates of similar quality have been obtained for the pressure and
velocity wavefield emitted by a vertical dipole virtual source. The
acquisition geometry is shown in Fig. 17 together with the pressure
data (Fig. 17c) acquired from a monopole source at location x = 0
m, while (Fig. 17b) depicts the acquisition scenario assumed in this
example: a streamer cable is towed behind a source with minimum
offset (the distance between the source and the first receiver) of
32 m, and a split-spread acquisition is generated by traversing the
same line twice in opposite directions.
van der Neut et al. (2012) have recently used seismic interferometry by MDD to remove free surface multiples from streamer
data. The main challenge for this type of acquisition is the requirement to include information at near-offsets, which are generally

In scenario 1, while the interaction of free-surface multiples in
the data constructs many spurious arrivals in the cross-correlation
estimate (Fig. 18b), both one-way MDD (Fig. 18c) and two-way
MDD as in eq. (12) (Fig. 18d) provide a good approximation of the
true response in Fig. 18(a). Note especially how the correct radiation
pattern of a horizontal dipole source is recovered. In this idealized
marine scenario the one-way MDD results produce fewer spurious
events before the first arrival. However, when the low wavenumber
components—mostly contained in the near-offset (missing) data—
are not included correctly (scenarios 2 and 3), the forward problem is
not well defined and the deconvolution process is not as successful as
with full source coverage in inverting the effect of the PSF (Fig. 19)
and hence of the free-surface. In scenario 2, two-way MDD produces
fewer later-arriving spurious multiples, and in scenario 3 it is unclear
which performs best.
These three different scenarios are further analyzed using the
† −

−
= −
so-called resolution matrix of one-way MDD [δow
ow  ow ],
which is diagnostic of the quality of the MDD process. In the ideal
case when the boundary ∂ DR is covered by a dense line of receivers
and when there is a densely-sampled source line, the one-way res−
→ I for all ω. As shown in Fig. 20
olution matrix should be δow
for a single frequency f = 20 Hz, the resolution matrices constructed from full data (scenario 1) approaches an identity while
those corresponding to replicated (scenario 2) or missing (scenario
3) near-offset traces deviate markedly from the ideal situation of
identity matrices, showing both spurious off-diagonal energy and
non uniform energy along the diagonal. Since near-offset information is a fundamental part of the data, the forward problem is not
well defined when they are not available and, as a consequence, the
PSF can not be inverted successfully by MDD.

DISCUSSION
Directional wavefield decomposition is a method that is used frequently in seismic processing to separate events of interest from others that are considered as noise and which affect the interpretability
of the data (see Appendix A for a review on wavefield decomposition). However, the requirement of (accurate) knowledge of medium
properties along a densely and uniformly sampled receiver array,
together with assumptions that the medium properties vary slowly
along the receiver array and that the recorded velocity field is a measure of true ground motion (so-called vector fidelity – Norris et al.
2006) are not always fulfilled. Moreover, the decomposition matrices in eqs (A3) and (A4) are unstable because of singularities near
the critical angle (van der Neut & Herrmann 2013). This introduces
errors in the estimates of the decomposed fields that can propagate
through the multidimensional inversion process and deteriorate the
interferometric estimates.
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not recorded but are fundamental to be able to invert for the PSF
effects. This problem has been overcome by interpolation of the
near-offset gap, for instance by using projection on convex sets
(Kabir & Verschuur 1995), or by direct arrival prediction based on
source near-field hydrophone recordings (Majdanski et al. 2011).
Here three different strategies are compared, differing in terms of
accuracy of the estimate and computational cost:
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Figure 17. Configuration for streamer virtual dipole estimate. (a) Velocity model together with sources (red stars) situated just below the top surface, and
receivers (blue triangles) and virtual source (white triangle) at 25 m depth. (b) Acquisition scenario: a streamer cable of length 1 km is towed behind a source
with minimum offset of hmin = 32 m and a split-spread acquisition is generated by traversing the same line twice in opposite directions. (c) Recorded pressure
data from the source at xS = 0 m.
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Figure 18. Velocity Green’s function from a virtual horizontal dipole source for the configuration in Fig. 17a. (a) Modelled response, and solutions from (b)
one-way cross-correlation, (c) one-way MDD and (d) two-way MDD in acquisition scenario 1 (see text).

The ability to implement seismic interferometry by MDD using
full (pressure and velocity) fields rather than directionally decomposed fields is beneficial in that the knowledge of medium properties
is no longer required (unless directional constraints are used). The
decomposition is also directly embedded inside the regularized in-

verse problem leading to higher fidelity in the reconstruction around
the critical angle, as similarly shown by van der Neut and Herrmann (2013) in their wavefield separation via sparsity-promoting
inversion. Furthermore, the two-way MDD approach is useful in
situations where one or more of the other requirements of wavefield
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Figure 19. Velocity Green’s function from a virtual horizontal dipole source
for the configuration in Fig. 11a. (a) and (c) one-way MDD, (b) and (d) twoway MDD in the acquisition scenarios 2 and 3, respectively.

separation are not satisfied. A first encouraging result is shown in
Fig. 21 where two-way MDD performs very well even though the
receiver array intersects a sudden velocity change (hence the above
requirement of slowly-varying properties is not fulfilled). A detailed comparison of our approach with one-way MDD in situations
where assumptions of frequency-wavenumber wavefield decomposition are not fulfilled (i.e. medium parameter along the receiver
array are not uniquely defined) is however beyond the scope of this
paper.
As a consequence of including velocity recordings in the two-way
MDD equations, the dimension of the PSF doubles with respect to
that of one-way MDD. The effect of this is two-fold: the inversion
of the PSF is more computationally expensive for two-way than
one-way MDD, and the inverse problem is also generally more
poorly conditioned. However, if the inversion of the two-way PSF is
performed taking advantage of its structure (a matrix that partitions
into block form), two matrices of dimensions NR × NR need to
be inverted (see Press et al. 2002 – p. 77) rather than the full

C O N C LU S I O N
Seismic interferometry by MDD has been formulated using a twoway representation theorem of convolution-type. This form of interferometry simultaneously estimates pressure and velocity virtual
responses deprived of the effect of the overburden without requiring a preliminary up/down wavefield separation of the recorded
data. However, since the underlying representation is valid for any
choice of boundary conditions at the receiver boundary, and for any
medium parameters outside of the receiver boundary in the Green’s
functions wave state, the solution obtained depends on the choice
of the minimization criterion and regularization employed. A regularized least-squares solution has been shown to improve the results
of interferometry by cross-correlation, and generally to produce estimates of similar quality to those obtained by one-way MDD. In
the special case of a receiver array sitting on an interface, as in our
example of ocean-bottom multiple suppression, spurious energy is
not completely suppressed by unconstrained two-way MDD and additional constraints on the directionality of the reconstructed fields
can be added to improve the interferometric estimates by recasting
and solving two-way MDD in the frequency–wavenumber domain.
Finally, when dual recordings are available, not only estimates of
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matrix of dimension (2NR × 2NR ), making the computational cost
of two-way MDD only twice that of one-way MDD. Moreover,
additional constraints on the solution norm and the directivity of
the retrieved Green’s functions have been shown to be beneficial
to regularize the inverse problem. As an alternative, if two-way
MDD was solved in the time-domain as done by van der Neut
& Herrmann (2013) for one-way MDD, we could also design a
constraint that ensures the acausual solution of the problem to go
to zero. While the time-domain inversion is computationally more
intensive, an advantage of this regularization term with respect to
our directional constraint is that no information about the medium
parameters would be required.
Two-way MDD not only redatums the recorded data closer to
the imaging target by removing some of the unwanted energy (e.g.
free-surface multiples, effect of complex overburden), but also provides estimates of both pressure and particle velocity virtual fields
without compromising the vector-acoustic nature of the recorded
data. As a consequence, vector-acoustic migration algorithms that
take advantage of directionality information contained in the velocity fields (El Yadari & Hou 2013; Fleury & Vasconcelos 2013;
Vasconcelos 2013; Amundsen & Robertsson 2014; El Yadari 2015)
can be applied not only to the original recorded data but also to the
virtual data, meaning that MDD redatuming and directional migration could be combined together for more accurate imaging of the
target of interest.
In addition, estimates of virtual dipole sources can be produced from velocity recordings. These additional fields could aid
reconstruction techniques (for example, interpolation of aliased
wavefields in the crossline direction – Vassallo et al. 2010) as well
as imaging algorithms, which could ultimately benefit from the directivity of dual sources in a similar way to that of dual receivers
(Fleury & Vasconcelos 2013; Vasconcelos 2013). While we have
shown that such virtual sources could readily be created by using
MDD in boreholes or using ocean-bottom data, the quality of their
Green’s function estimates using current standard streamer data
with a near-offset gap (even if we do two passes to provide splitspread data) depends strongly on the quality of interpolation of the
missing traces.
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Figure 20. Resolution matrices at f = 20 Hz for the configuration in Fig. 11a, for (a) scenario 1, (b) scenario 2 and (c) scenario 3.

velocity (and pressure) Green’s functions from virtual monopole
sources can be obtained via MDD, but also dipole sources can be
excited virtually by deconvolving modifications of one- and twoway representation theorems in a multidimensional fashion. Thus
Green’s functions from dipolar sources can be estimated using data
from only standard marine pressure sources.
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(see Fig. 1)
p = p+ + p− ,

vi = vi+ + vi− ,

(A1)

where p indicates the pressure recording and vi the particle velocity
recording along the i-th direction, while superscripts + and – refer to
in- and outgoing constituents, respectively. In addition, the normal
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MDD without wavefield separation
component of the particle velocity vn is uniquely related to the
normal derivative of pressure via the equation of motion
∂p
= −ρ jωvn .
∂n

(A2)

The approach used in this paper to obtain decomposed fields in the
special case of a horizontal boundary ∂ DR , where in- and outgoing
constituents are generally referred as downgoing and upgoing constituents, operates in the frequency–wavenumber (fk) domain. Upand downgoing components of pressure and normal particle velocity are in fact related to the full pressure and the normal particle
velocity recordings by the matrix equations (Wapenaar & Berkhout
1989; Amundsen 1993; Fokkema & Van den Berg 1993)
=

1
2

1 ξ
1 −ξ

vn+
vn−

=

1
2

1 1/ξ
1 −1/ξ

p
vn

(A3)

p
,
vn

(A4)

where ξ (k x ) = ρ kz (kω x ) is the so-called obliquity factor, k z (k x ) =
 
ω 2
− k x2 is the vertical wavenumber, kx is the horizontal
c
wavenumber, ρ and c are the density and the velocity at the receiver level, respectively. If we are only interested in obtaining the
downgoing constituents of both pressure and particle velocity as
in the main text, we can define the downgoing two decomposi+
tion vectors D+
p , Dv (in eq. 14) by extracting the first line of the
decomposition matrices in eqs (A3) and (A4).
Requirements to be fulfilled for an accurate up/down wavefield
separation in the frequency–wavenumber domain (Weglein et al.
2013) are (i) accurate knowledge of medium properties (ρ, c) at the
receiver array, (ii) a horizontally layered (or slowly laterally varying) medium along the receiver array, (iii) horizontal (or, at least,
flat) boundary ∂ DR where fk transform and separation is carried out
and (iv) adequate sampling and aperture to perform an fk transform.
The number of assumptions can be reduced if more accurate separation techniques are used, such that wavefield decomposition can
be performed in the frequency–space domain (Grimbergen et al.
1998; Wapenaar et al. 2008a; Weglein et al. 2013) or by means
of finite-difference injection (Ravasi & Curtis 2013; Vasconcelos
2013; Amundsen & Robertsson 2014). The latter method, for example, can accommodate an arbitrary measurement surface geometry
and does not require an estimate of the local medium parameters.

A P P E N D I X B : A N T I C AU S A L
S O L U T I O N S O F T W O - WAY M D D

and eqs (10) and (B2) are combined to obtain


p = d αGtw + βG∗tw ,

(B3)

where α and β are constants such that ∀α, β: α + β = 1. Thus
we see why solving two-way MDD in fact provides both causal and
anticausal Green’s functions, since in the time domain G∗tw is the
time-reverse of Gtw . Eqs (10) and (B2) also show the reason for
the different polarity of the anticausal pressure Green’s functions in
Figs 8 and 15. The term Gp comes with a plus sign in the Green’s
function vector Gtw in eq. (10) and with minus sign in the Green’s
function vector G∗tw in eq. (B2).
We now show that when we solve two-way MDD in a regularized
sense by finding the solution at minimum norm (eq. 11), such a
regularization term is responsible for choosing a specific pair of α,
β, namely α = β = 0.5. In the time domain, we first define the norm
of the solution in eq. (B3)




JG = αGtw (t) + βGtw (−t)2 = αGtw (t), αGtw (t)




+ βGtw (−t), βGtw (−t) + 2 αGtw (t), βGtw (−t) , (B4)
where (,) represents the scalar product that here represents the product of each of the time samples, integrated over time. By noting that Gtw (t) is causal while Gtw (−t) is anticausal, their scalar
products (Gtw (t), Gtw (−t)) and (Gtw (−t), Gtw (t)) are both zeros.
Moreover, since the two Green’s functions have the same energy
((Gtw (t), Gtw (t)) = (Gtw (−t), Gtw (−t)) = ktw ) we obtain


JG = ktw α 2 + β 2 .
(B5)
Using the fact that α = 1 – β the value of β that minimizes JG is 0.5
and so the value of α. The causal and anticausal solutions obtained
by solving two-way MDD have indeed the same energy as shown
in Figs 7, 8, and 14.
We also convert eq. (B1) into a representation theorem for virtual
dipole sources. By multiplying each side of the equation by the
operator that transforms pressure fields into particle velocity fields
[i.e. −( jωρ)−1 ∂i ] at the virtual source location, we obtain

vi (xvs , xs , ω) =
− p(xr , xs , ω)G ∗vn , fi (xr , xvs , ω)
∂ DR

The convolution-type representation in eq. (1) contains causal
Green’s functions G p,q and G vn ,q , and likewise we expect to
retrieve only causal (one-sided) Green’s functions by inverting
eq. (10) by means of MDD (eq. 12).
However, a correlation-type representation can also be written to
relate the fields in Fig. 1 (Slob et al. 2007)

p(xr , xs , ω)G ∗vn ,q (xr , xvs , ω)
p(xvs , xs , ω) =
∂ DR

+vn (xr , xs , ω)G ∗p,q (xr , xvs , ω) dxr ,

usually discard such contributions. Note however that this approximation is justified only if the medium is strongly reflective below xvs
(Wapenaar 2006).
Eq. (B1) can then be converted into matrix form using the same
quantities defined in eq. (10):





 G∗v

 G∗v
p̄
−v̄
(B2)
=
⇔ p = dG∗tw
p = p̄ v̄
G∗p
−G∗p

(B1)

where an enclosing boundary ∂ DR is here required since radiation
conditions can not be applied to eliminate the contribution of the
half-sphere that would close the boundary. In practice, the quantities
along the lower boundary are not available and for this reason we

− vn (xr , xs , ω)G ∗p, fi (xr , xvs , ω) dxr .

(B6)

By comparing eq. (B6) with eq. (18) we can thus explain the change
in polarity in the anticausal estimate of the velocity Green’s function
from a virtual dipole source (see Figs 9 and 18). On the other hand,
the causual and anticausal estimates of the pressure Green’s function
from a virtual dipole share the same polarity (see Fig. 10). The term
G vn , fi in fact comes with a plus sign in eq. (18) and with minus sign
in eq. (B6), while the term G p, fi has a minus sign in both equations.
Finally, it is interesting to note that by adding directional constraints that annihilate the downgoing energy of the estimated
Green’s functions as done in eq. (16), the anticausal component
of the estimated Green’s functions goes to zero. To explain this
phenomenon, we first convert the two-way correlation-type theorem (eq. B1) into its one-way (directional) counterpart. Conversely
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to the convolution-type theorem, the two products between in- and
out-going terms at the stationary receiver locations have opposite
contributions that cancel (Wapenaar & Berkhout 1989). Consequently, eq. (B1) can be written as

p− (xr , xs , ω)G −∗
p(xvs , xs , ω) =
vn ,q (xr , xvs , ω)
∂ DR


+

∂ DR

+vn− (xr , xs , ω)G −∗
p,q (xr , xvs , ω) dxr

(B9)

which converted into matrix equations, become

+ p+ (xr , xs , ω)G +∗
vn ,q (xr , xvs , ω) dxr

∂ DR

or this version of the one-way correlation-theorem

p− (xr , xs , ω)G −∗
p(xvs , xs , ω) =
vn ,q (xr , xvs , ω)

vn− (xr , xs , ω)G −∗
p,q (xr , xvs , ω)

+ vn+ (xr , xs , ω)G +∗
p,q (xr , xvs , ω) dxr .

(B7)

We note that by invoking the directional constraints (i.e. G +
vn ,q =
G +p,q = 0), we are implicitly solving the following version of the
one-way convolution-theorem

p+ (xr , xs , ω)G −
p(xvs , xs , ω) =
vn ,q (xr , xvs , ω)
−vn+ (xr , xs , ω)G −p,q (xr , xvs , ω) dxr

(B8)

−v+


p = p−

v−

 G−
v
G−
p

 G−∗
v
G−∗
p

⇔ p = d+ G−
tw

(B10)

⇔ p = d− G−∗
tw .

(B11)

Since the operands d+ and d− in eqs. (B10) and (B11) contain different quantities, the convolution problem (i.e. causal solution) can
be solved without leaking energy from the correlation problem (i.e.
anticausal solution) by inputting p and −v̄ together with the directional constraint to the MDD inversion scheme (see, for example,
Fig. 14).
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∂ DR


p = p+

