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Getting wet
• It is well known that locations with 

increased altitudes have higher 
rainfall.

• In 1921 Mortyn de Carle S Salter 
tabulated variations in the 
relationship between rainfall and 
altitude in different parts of Britain 
to conclude that:
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• Using more recent data, 
Brunsdon, McClatchey and 
Unwin re-examined the 
relationship

• The plot shows the mean annual 
rainfall 1961-1990 at 10925 rain 
gauges against the elevation of 
each gauge

• So we can fit a model to make 
some predictions:

Brunsdon et al, Int J Climatol, 2001

Rainfallest = 730.83 + 2.28Height           r2 = 0.34
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Examining spatial subsets of these data suggest that the 
relationship between mean annual rainfall and elevation is 
very different on the western and eastern coasts
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Assumptions

• It’s clear that in this case a single model is unlikely 
to satisfy many of the assumptions behind 
ordinary least squares regression

• The previous plots suggest that the residuals from 
a single model will exhibit some distinct spatial 
patterns – positive towards the west and north, 
and negative towards the east. 

• So… the desirable properties of independence, 
normality and homoskedasticity are absent
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Heterogeneity

• Spatial data can be awkward
• The relationship between rainfall and elevation 

is not constant across the study area – it’s 
heterogeneous

• Other data exhibit spatial heterogeneity – the 
relationship between the selling price of a 
residential property and its characteristics varies 
from place to place
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Dealing with heterogeneity

• We could add a dummy 
variable (0=West, 1=East) 
and create an interaction 
term to obtain separate 
relationships

• But … Swansea is probably 
‘west’, and Canterbury 
‘east’, but what about 
Coventry?
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Dealing with heterogeneity

• We have 10925 rain gauges
• We could compute separate regression lines for 

each county, or local authority districts … civil 
parishes …  NUTS3 regions … Police forces?

• But… climate is no respecter of administrative 
boundaries 

• And there’s another problem with imposing 
some arbitrary underlying spatial units…
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1933…

• Grouping?  There are n counties in Britain: we can 
construct many different collections of n areas, built from 
smaller spatial units, which form complete partitions of 
the island

Gehlke and Biehl, JASA, 1934
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And…

• Spatial dependence is also a problem –
observations with similar values tend to cluster

• Dependence is present in all directions and 
becomes weaker as data locations become 
more and more dispersed (Cressie, 1993)

• Clustering results from spatial dependence; 
similar values concentrate spatially (Varga, 1998)
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Models of dependence

• A number of alternative models have been 
proposed geographers:

• Spatial lag model
– predictions are based on the values of the x variables 

and the weighted values of the neighbouring y 
variable

• Spatial error model
– the error terms in neighbouring spatial units are 

correlated

• Both require a spatial weights matrix
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Spatial weights

• Common forms for spatial weights matrices 
include
– 1/0 adjacent/not adjacent
– Length of the common boundary
– Distance between centroids of the spatial units

• First two are common for areal units
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Other models

• There is a rich corpus of predictive models 
available under the general heading of 
geostatistics

• These include families of models based around 
the kriging approach

• The kriging variogram gives the weights in this 
approach
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Why create models?

• Prediction – can we forecast the value of some 
phenomenon from the knowledge of other 
related phenomena?

• Inference – can we make some inference about 
the process which leads to spatial variation in 
some variable of interest

• Synthesis – a combination of variables reveals 
some underlying structure
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Varying parameter models

• In the 1980s geographers started investigating 
models where the parameter estimates could 
vary across the study area

• Emilio Casetti – spatial expansion method
• Forster & Gorr – spatial adaptive filtering
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The expansion method:         Casetti (1972), Casetti and Jones (1992)

• Suppose we have a y variable, and a single x 
variable, measured at locations with coordinates 
u and v, with a model: 

y = α + βx
• In the expansion method the coordinates are 

themselves functions of u and v
α = α1 + α2u + α3v
β = β1 + β2u + β3v

• to yield…

y = α1 + α2u + α3v + β1x + β2ux + β3vx
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Example

• The X term is not 
significant

• This is also evident from 
the plot of the expanded 
PctFB parameter – spatial 
variation is south -> north

Spatial Expansion of PctFB ParameterSpatial Expansion of PctFB Parameter

After J P Jones III, 1984

lm(formula = PctBach ~ PctFB + X.PctFB + Y.PctFB)

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept)  7.475e+00  4.156e-01  17.984  < 2e-16 ***

PctFB       -3.131e+01  5.539e+00  -5.653 7.37e-08 ***

X.PctFB      2.267e-06  1.978e-06   1.146    0.253    

Y.PctFB      8.930e-06  1.400e-06   6.379 1.96e-09 ***
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Expansion method problems

• The functional relationship between the 
parameters and the coordinates has to be 
specified in advance

• We don’t know what form this relationship will 
take – it may not necessarily be linear

• There are problems of collinearity into the 
model, leading to inefficient estimates of the 
parameters: this is magnified if we assume a 
more complex quadratic or cubic relationship
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• One solution is not to add 
extra terms into the model 
but to take note of an 
assertion by the American 
geographer, Waldo Tobler:

• Everything is related to 
everything else, but near 
things are more related than 
distant things. Tobler, 1970
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Global and local regression models

• We refer to a model in which the parameter 
estimates for every observation in the sample 
are identical as a global model.

• If the parameter estimates are allowed to vary 
across the study area such that every 
observation has its own separate set of 
parameter estimates we have a local model

• How can we estimate a local model
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Ordinary Least Squares

• The OLS estimator takes 
the form

• We can weight 
observations with a 
diagonal weight matrix W

• The weights are in the 
leading diagonal of W
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Geographical weighting

• We can estimate parameters at some location u
with coordinates (u,v) if we make the weights 
dependent on the distance between each 
observation and u.
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Weighting schemes

• Suitable weighting schemes 
should have the property 
that the weight when u is at 
the location of one of the 
observations is 1, and 
decreases with increasing 
distance

• dui is the distance between u
and the location of the ith 
sample, and h is the 
bandwidth
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Bandwidth

• The Gaussian and bisquare schemes are 
referred to as kernels . 

• The bandwidth h can be supplied exogenously 
or estimated from the data

• The larger the bandwidth the more the model 
parameters will approach their global values
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Estimating the bandwidth

• Geographical weighting is generally more sensitive 
to variation in the bandwidth than the choice of 
kernel function

• The question arises of what an appropriate choice 
for the bandwidth might be

• This acts as a smoothing parameter
• A very large (h → ∞) value leads to a model with no 

variation in the parameters – every weight is 1
• If the value is too small, the model wraps itself 

around the data
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Bandwidth estimation

• The user can supply a a value for the bandwidth 
– perhaps from a previous estimation on a 
similar dataset

• The bandwidth can also be estimated from the 
data – find h which gives the best fit to the 
observed ys

• Minimise crossvalidation score
• Minimise Akaike Information Criterion
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Kernel types and bandwidths

• Kernels can be either fixed radius or fixed local 
sample size

• In a fixed radius kernel the radius is specified in 
the same coordinate units as those for the data

• In a fixed local sample size, the radius varies so 
that the same number of observations is used in 
each local estimation – ‘adaptive’ kernel
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• With GWR the complexity of the model 
increases as the bandwidth is decreased from ∞.

• The number of parameters in the model can be 
estimated from the ‘hat matrix’

• Y* = SY
• The ‘hat matrix’ converts the observed y values 

into the fitted y values
• A hat matrix can be derived for GWR
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Hat matrix and the AIC
• The trace (sum of the elements in the leading 

diagonal) of the hat matrix is the number of 
parameters

• In the case of GWR this gives us the effective 
number of parameters – the smaller the 
bandwidth, the larger this value becomes

• The Akaike Information Criterion includes a 
penalty for the complexity of the model, such 
that in comparing models for the best value of h 
we are comparing like with like. 
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Outputs from GWR

• As well as the estimates of the parameters at 
each location, we can estimate the locally 
weighted standard errors, fitted values, 
residuals, standardised residuals

• We can also estimate a pseudo-t value (to test 
the hypothesis that a local parameter estimate is 
zero)
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Inference

• Two questions arise from the estimates.

• Is the variation in the estimates for a single 
parameter random?
– Monte Carlo significance test

• Are the values of the individual parameter 
estimates zero?
– Treat as local t values, but with an adjustment for 

multiple testing
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Literature on GWR

• Although the first paper 
appeared in 1996, the 
developers authored a book 
which was published in 2002

• We produced some software 
which allowed users to run 
GWR models
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GWR: software
There are several versions of GWR:

spgwr – R package (Bivand and Yu)
gwrr – R package (Wheeler)
SpaceStat – BioMedware, Ann Arbor, MI
ArcGIS – ESRI, Redlands, CA
GWR4 (Nakaya)

And… there’s our own Windows software 
which we use as the basis for the workshops

Also as a core tool in 
ESRI’s ArcGIS 
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GWR: outreach
• CSISS Advanced Spatial Analysis Workshop, University of 

California at Santa Barbara , July 12-16, 2010
• CSISS Advanced Spatial Analysis Workshop, Pennsylvania 

State University , June 1-6, 2008
• Greater Manchester Police Safety Unit, March 5-7, 2008
• Helsinki University of Technology , January 22-25, 2008
• GEOIDE Summer School, St Mary's University, Halifax NS , 

June 3-4 2007
• University of Adelaide , Australia, April 17th-20th 2007
• Technical University of Lisbon , Lisbon, February 21-22, 2007
• Transport Operations Research Group, University of Newcastle 

upon Tyne , November 29, 2006
• National Centre for Geocomputation , National University of 

Ireland, Maynooth, County Kildare, July 20th 2005
• Department of Geography, University of Leeds , Leeds, June 

15th- 16th 2005
• Department of Geography, Ritsumeikan University , Kyoto, May 

16th – 19th 2005
• Centre for Applied Spatial Analysis, University of London , 

London, 12th May 2005
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GWR and GIS

• GWR was conceived as having a close 
relationship with Geographic Information 
Systems

• GIS software 
– used in the data integration process to create suitable 

datasets for modelling with GWR
– used as a diagnostic tool

• Plot residuals from global and local models
• Plot the estimated parameter surfaces 
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Using GWR
As an example we model education 

attainment in the counties of 
Georgia with four socio-economic 
predictors; the dependent variable 
is the proportion of the population 
education to Bachelor’s degree 
level or higher

There are a number of choices 
available in specifying a GWR 
model. The ArcGIS GWR tool is 
one example GUI.



www.StratAG.ie

OLS fit
Following some initial data 
exploration, we fit an Ordinary Least 
Squares model and examine the 
outputs. 
Is there spatial structure in the 
residuals?  If so, then a GWR model 
may be an appropriate next step

Variable Coef StdError t_Stat Prob Robust_SE Robust_t Robust_Pr
Intercept 12.67112563970 1.63682331552 7.74129102365 0.00000000003 2.12548562702 5.96152026561 0.00000004073
PCTELD -0.10530556376 0.13783764308 -0.76398262051 0.44603927418 0.15048483949 -0.69977523398 0.48511933030
PCTFB 2.54521146415 0.29839213403 8.52975388397 0.00000000000 0.59460963548 4.28047463795 0.00003617641
PCTPOV -0.28290660460 0.07810457473 -3.62215152656 0.00040528984 0.12849100021 -2.20176202338 0.02916016987
PCTBLACK 0.07684751375 0.02802807341 2.74180506883 0.00683213848 0.03495341185 2.19856974396 0.02939123745

AIC is 898; coefficients have reasonable values, r2 is 0.51, … but the 
residuals show some clear spatial structure: Moran’s I=0.14 p=0.004
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GWR fit

The immediate output from GWR using the 
ArcGIS tool is a map of the residuals – whilst 
the largest residuals remain, the Moran test 
(I=0.06 p-0.16) suggests that the evidence for 
the geographical pattern is less strong.

The bandwidth is 114 – using an adaptive kernel 
(n=159)

The fit of the model has improved (AIC reduced 
from 898 to 870).

There is no list of parameter estimates – these 
are in the attribute table of the output shapefile
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Mappable parameters
The plot shows the variation in the 
parameter estimate for ‘Foreign 
Born’.

There’s evidence of a north-south 
pattern, with variation in the 
Foreign Born variable being more 
influential on variation in 
educational attainment in the north 
of the state than in the south. 

The other parameter estimates 
and diagnostics may be mapped 
as well. 
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Estimation at non -data points

• The weighting scheme allows parameters to be 
estimated at locations different from those used 
where the data are collected

• These might be the mesh points of a regular grid
• A dataset can be split in two – a training set and 

a validation set – the estimation of the 
parameters at the validation set locations uses 
the training data; fitted values can be obtain if 
there are suitable x data at the validation set 
locations   
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Prediction at non -data points

• GWR-geostatistical hybrids have been explored 
by Paul Harris
– Harris P, Fotheringham AS, Crespo R, Charlton ME (2010b) The use of 

geographically weighted regression for spatial prediction: an evaluation 
of models using simulated data sets. Mathematical Geosciences 
42:657-680

– Harris P, Brunsdon C, Fotheringham AS (2011) Links, comparisons and 
extensions of the geographically weighted regression model when used 
as a spatial predictor. Stochastic Environmental Research and Risk 
Assessment 25:123-138

– Harris P, Juggins S (2011) Estimating freshwater critical load 
exceedance data for Great Britain using space-varying relationship 
models. Mathematical Geosciences 43: 265-292



www.StratAG.ie

Issues: model building
• In our book we propose a semi-parametric version of 

GWR and provide a method of estimating parameters
• Some of the variables are held as ‘global’, and the others 

are treated as ‘local’ with spatially varying parameters
• A question arises as to how the users decides which 

variables are to be global and which might be local
• We have experimented with a pseudo-stepwise method
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Issues: distance metrics

• In generating the geographical weighting we 
need an estimate of the distance between each 
focus point and the rest of the data locations

• As a default we use the Euclidean distance 
when the coordinates of the locations are in a 
projected system

• If the geographical coordinates (latitude and 
longitude) are used, then Great Circle distances 
are perhaps more appropriate
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Alternative distance metrics
• Atsuyuke Okabe suggested over a decade ago 

that we might use distances computed from a 
representation of the road network

• Perhaps more appropriate when modelling 
social processes – for example hedonic housing 
models

• Allows us to take into account the influence of 
potential barriers to movement, such as rivers

• This requires a reliable representation of the 
road network…
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Alternative metrics
• Geographers in the USA have used the ‘Manhattan’ (aka 

‘taxicab’ or ‘city block’) distance d=abs(dx)+(abs(dy)
• One of a generalised set of metrics known as Minkowski 

metrics
• d= (abs(dx)p+abs(dy)p)1/p

• When p=2 we have Euclidean distances; p=1 we have 
Manhattan distances

• P need not be an integer, which raises the possibility of 
estimating a value for p optimises the goodness of fit

• Lu B, Charlton ME, Fotheringham AS, 2011, Geographically weighted regression using non-

euclidean distance metrics. Spatial Statistics
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Issues: collinearity
• Collinearity was raised as an issue in 20051

• Collinear data: larger standard errors.. 
– Potentially significant parameters cannot be identified as such

• ArcGIS tool and spgwr functions report the condition 
number of the geographically weighted crossproduct 
matrices (X’WX)

• Following suggestions of Belsey, Kuh and Welsch 
(Regression Diagnostics, 1980), condition numbers > 30 
are held to indicate potential collinearity problems

• 1David Wheeler, Michael Tiefelsdorf, 2005,  Multicollinearity and correlation among local 
regression coefficients in geographically weighted regression. Journal of Geographical Systems
7(2): 161-187
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Collinearity
• Wheeler, in particular, has explored using geographically 

weighted ridge regression, and the lasso in dealing with 
collinear data

• Others have taken a more extreme position:
– The predictions available for gwr() are speculative at best. Note 

that GWR is a notoriously unreliable technique, and simulation 
studies indicate that it finds pattern in coefficients even when 
there is none. So any tests are doubtful anyway - it should only 
be used for exploring the data for possible missing variables or 
inappropriate functional forms. (Bivand, R-sig-geo, 20-ii-2012)
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Condition number

The map shows the variation in 
the condition number of the 
locally weighted X’WX matrix for 
each county.

Non of the values exceeds the 
threshold of 30, although we note 
that the most potentially collinear 
fits are in the centre of the state. 
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Issues: Collinearity
• One strategy is to use ridge regression to deal with 

collinear data – provides sharper estimates of the 
parameters

• β(u) = (X’W(u)X + λI)-1(X’W(u)X+λI)y 
• … where λ is the ridge parameter
• But what value is appropriate for λ?
• One approach is to estimate the bandwidth and λ to 

optimise the fit of the model
• Variation in goodness of fit appears to be more 

dependent on variation in bandwidth rather than variation 
in λ.
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Issues: flexible bandwidth
• The bandwidth is a global measure
• Kernels are either fixed radius or fixed local sample size
• Apply equally to to each variable in the model
• However, spatial scale in influence of each variable may 

be different
• Flexible bandwidth model allows a separate bandwidth 

to be estimated for each variable
• Under development…
• Yang W, Fotheringham AS, Harris P, 2011, Model selection in GWR: the development of a flexible 

bandwidth GWR. Geocomputation 2011
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GWPCA

• A complementary approach is to consider 
geographically weighted principal components

• Link to GWR through condition number – it’s the 
ratio of the largest to the smallest eigenvalue of 
the cross-product matrix
– If the data are very locally collinear, much of the local 

variation will be accounted for by the first component, 
and little by the last, so this ratio will be large

• Harris P, Brunsdon C, Charlton ME (2011a) Geographically weighted principal components analysis. International 
Journal of Geographical Information Science DOI:10.1080/13658816.2011.554838
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GWPCA
• Output: set of eigenvectors of component 

loadings and associated eigenvalues for every 
• Challenges for visualisation

– Map variations in the local eigenvalues – particularly 
1st and last

– Larger values of eigenvalue 1 may indicate potential 
local collinearity

– Mapping local eigenvectors… spatial variation in the 
contribution of variables to each component (using 
some form of multivariate glyph) 
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Other approaches
• Assuncao, 2003, Space varying coefficient 

models for small area data,Environmetrics

• Gelfand et al, 2003, Spatial Modeling With 
Spatially Varying Coefficient Processes, JASA

• Bayesian modelling framework – puts inference 
concerning parameters on a consistent basis

• Gelfand’s models have been compared with 
GWR – better fit to the data, however, MCMC 
approach is time consuming in fitting models
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Development

• The search term “geographically weighted 
regression” returns 67,400 hits in Google. 

• We know from our own distribution of the 
software that interest has been shown is 
disciplines outside geography

• There are other GW possibilities
• summary statistics
• discriminant analysis
• boxplots
• variograms

• There are still plenty of spatial modelling 
challenges
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Thank you


