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frequencies which make the denominator equal to zero. This re- 
sults in the following expression 

J,k’4 H,(‘)(k;‘)a) 

lwpf aJ,(k,%)lau 
= iwp 

dH,“‘(k,“‘a)laa’ (4) 

where k,‘” is the radial component of the fluid wavenumber, k,“’ 
is the radial component of the compressional wavenumber, J1 is 
a first order Bessel function, and H,“’ is a first-order Hankel 
function of the first type. For all slow formations, as we sweep 
over all frequencies, equation (4) is never satisfied, indicating 
that no modes are cutting off. Hence, the flexural mode does not 
cutoff. It can be shown that equation (4) can be interpreted in 
terms of radial impedance functions. Specifically, the left-hand 
side of (4) is the impedance of a standing cylindrical wave in the 
fluid, while the right-hand side is the impedance of an outward 
propagating compressional cylindrical wave in the solid. At the 
frequencies where these two impedances are matched, the modes 
cutoff. Equation (4) differs from that given in Roever et al. 
(1974). 

In Figure 5 we show the relative strength of the compressional, 
shear, and flexural modes as a function of frequency. The com- 
pressional wave strength at the four offsets considered are the 
four solid lines, the shear wave strength are the dashed lines. 
These individual far-field components were computed numeri- 
cally using a method described in Kurkjian (1985). The flexural 
mode has the same strength at all offsets and is the dotted line. 
The decay of the compressional and shear waves with offset can 
be interpreted as “geometric decay” and has been found to be a 
function of frequency (Kurkjian and Chang, 1983). We see from 
Figure 5 that the shear wave dominates at low frequencies, the 
flexural mode at intermediate frequencies, and the compressional 
wave at high frequencies. This figure is consistent with Figures 
2 and 3 which showed that a 500 Hz source excites a shear wave, 
and a 4 kHz source excites a flexural mode. 

At intermediate frequencies, a useful frequency domain model 
for the full dipole displacement waveforms is 

U(z, 0) = V,(o) 6 R(o) e ik(U,Z , (5) 

where R(o) is the excitation of the mode, shown in Figure 5, and 
k(w) = oIvP(o). Here v&o) denotes phase velocity, which was 
plotted in Figure 4. 

In Figure 6 we show synthetic waveforms associated with a 15 
kHz source. The amplitude scale is the same as in Figure 3. Here 
we see only the high frequency Scholte-like part of the flexural 
mode, plus a dominant compressional wave. The flexural mode 
component of the waveform is well modeled by equation (5), 
while the compressional wave requires a more complicated model 
(Kurkjian, 1985). 
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FIG. 5. Relative strength of the compressional, shear, and 
flexural waves as a function of frequency. 
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FIG. 6. Synthetic waveforms for a 15 kHz source. 

In fast formations, the findings are quite similar to the slow 
formation with the only exception being the introduction of nor- 
mal modes at high frequencies. Equation (4) can be used to de- 
termine the mode cutoff frequencies. 
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The Critical Reflection Theorem s11.2 

J. T. Fokkema and A. Ziolkowski, Deijt, Univ. of Technology, 
Netherlands 

We prove the following theorem: The reflection response of a 
sequence of plane parallel acoustic layers to an incident plane 
wave that is critically reflected at any interface in the sequence 
is white. The proof follows from a consideration of the pressure 
and normal displacement fields in each layer and the continuity 
of these fields at the interfaces. At critical incidence at the inter- 
face between the nth and n + 1st layers, the n+ 1st layer acts like 
a rigid plate. Therefore, all the incident energy is reflected. Since 
none of the layers is an energy source or sink, the flow of energy 
in every layer above the n + 1st layer is the same, independent of 
frequency. Therefore, at critical incidence, the reflection re- 
sponse is white. The physics of the argument will be identical 
for the full elastic case, and we expect the theorem to be equally 
valid for elastic media. 

We consider two corollaries of this theorem: (1) At precritical 
incidence the reflection response is nonwhite. (2) At postcritical 
incidence at the interface between the nth and n + 1st layers, the 
reflection response is white provided the velocity in any of the 
deeper layers is not less than that in the n+ 1st layer. This theo- 
rem may be applied to real seismic reflection data after decom- 
position into plane waves of varying angles of incidence. The 
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spectra of the postcritically reflected waves are the same as the 
spectra of the source at the corresponding angles of incidence, 
provided the earth is elastic. 

Proof 

We consider a stack of N plane parallel homogeneous acoustic 
layers, as shown in Figure 1, bounded at the bottom by a ho- 
mogeneous acoustic halfspace of density pN+ , and velocity v,, , , 
and at the top by a homogeneous acoustic half-space of density 
p. and velocity v,, where v, is less than v~+,. A plane pressure 
wave is incident from the upper half-space traveling parallel to 
the x-z plane at an angle 0 to the normal to the layers, which is 
chosen to be the z-axis. We analyze the wave propagation in the 
space-frequency domain (x, z, w) and we omit the complex time
factor exp(-jwt) in the equations. 

The incident field is the plane pressure wave 

P’NC(~,z,~) = A,+(w)exp(jk,(a& + ~2)) (1) 

where A,+(o) is the spectrum of the pressure wave function, k, 
= w/v, is the wavenumber in the upper half-space, a, = sin’, 
y0 = m. The reflection response of the stratified medium 
is unknown, but it will be a wave returning at angle 0 to the 
normal, propagating upwards: 

~(x,z,o) = A,-(w)ex&k,(c*,,x - rOz)}. (2) 

The total pressure field in the upper half-space is the sum of the 
incident and reflected fields: 

P%,z,o) = expCik,a&[A+(@exp(jk,M 

+ A,-(Gexp( -&w)l. (3) 

Incident plane Reflected plane 
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FIG. 1. 

The normal component of particle acceleration is related to the 
pressure gradient by Newton’s second law of motion. In the time
domain this may be expressed as: 

&(x&J) - 1 $J(x,z,r) 
d? = p az ’ 

(4) 

where u,(x,z,t) is the normal component of particle displacement. 
For our plane wave the total differential with respect to time didt 
is equal to the partial derivative al&, and we may transform 
equation (4) to the frequency domain to yield 

ww,4 = po2 ~ az . (5) 

Thus, in the upper half-space, layer o, we have the normal com- 
ponent of displacement: 

@ (x,z,m) = ‘2 exp(ik,a& [AZ (o)exp(ik,M 
0 

- &Wex~(-jk~w)l. (6) 

Similarly, the pressure and normal displacement fields in the nth 
and n + 1st layers are 

p”(x,z,o) = exp(jk,a& [A:(w)exp(ik,y,z) 

+ A;Wexp(-.ik,mz)l, (7) 

U%,z,o) = ‘$$exp(ik.ur) [AJ(w)expGk”y,z) 
n 

- A~Wexp(-jk~w)l, 

for all values of x and for z,_, 5 z Iz,,, and 

pnfl(x,z,o) = exp(ik.l~n+~~) lA,+l’(o)ex~Cik,+l~,+,z) 
(9) 

+ A,,, -(w)exp( -jk,+ I~n+ 141 

cJ:+‘(x,z,w) = jk,+a,+l 
Pn+ 10 

z =$.A+ IX+ 1x1 

. k-L+,+ (oh4 -3” + IX, + IX, + ,z) (10) 

- An+, -Wex~Cik,+~-~,+~41, 

for all values of x and for z, 5 z 5 z, + I. 
From the continuity of pressure at the boundaries for all values 

of x, we conclude that 

k,a, = k,a, = * * * = k.a,, = kn+,an+, = * ’ *kN+,aN+l, 

(11) 

which is Snell’s law, and can be expressed as 

%I = %inO, for n = 0, 1, 2, . ., N + 1, (12) 
v0 

from which it is seen that (Y,, may be greater than 1. Since yn = 
VP (Y,, y,, will become imaginary if OL, is greater than 1, that 

is, yn = jdmfor a, > 1. 
At each boundary we require continuity of pressure and dis- 

placement. That is, 

limp”(x,z,w) = ~~pn+‘(~,z+O), (13) 
1 t 2, n 
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limCrXx,z,o) = bmU;+‘(x,z,w). (14) 
I. t 2” ll 

Let us define a local reflectivity response R,(w) for the nth 
layer, as follows 

AL(w) = R,(o)Al (o)exp(2jk,y,z,). (15) 

We now divide equation (14) by equation (13), after substitution 
from the expressions (7), (8), (9) and (lo), and using equation 
(15) and a similar expression for the n + 1st layer to obtain the 
following recursion formula for the local reflectivity response: 

R,(w) = 
r, + R.+,(o)e~p(2jk.+~y,+,(z.+, - 41 
1 + r.R, + dNexd2jk, + nn + dz, + I - z,))’ (16) 

in which 

r = YnlPn% - Yn+I~Pn+l~“+l 
n 

YiPA + Yn+lhh+1h+l 
(17) 

is the local reflection coefficient. [We immediately recognize that 
when Y,, = -rn+i = 1, equation (17) is the well-known expres- 
sion for the reflection coefficient at normal incidence.] Using our 
definition (15) for the upper half-space, we may rewrite equation 
(3) as: 

+ R,(+xpCik,-r,(2z, - z)]. (18) 

At critical incidence at the interface z = z, we have 

a.+1 +sintl=l. 

by definition, from which it follows that y.+, = 0. 
We see immediately by inspection of equation (10) that the 

particle displacement U&z,o) = 0 for all frequencies, for all 
values of x and for z, I z I z,, ,. That is, the n + 1st layer 
acts like a rigid plate at critical incidence, and all the incident 
energy will be. returned to the surface. We see this from the re- 
cursion formula (16) and the auxiliary equation (17). When yn+, 
= 0, r, = 1, and therefore R,(w) = 1 for all w. Now we see 
that the recursion formula (16) gives 

R,-,(w) = 
r,- l + expWy,k - z,- dl 
1 + r,-,exd2jk,~,(z, - z,-dl, 

(19) 

in which r.- I is a real number of modulus less than 1. The 
numerator and denominator of the right-hand side of equation 
(19) are complex numbers which have the same modulus, but 
different phases (see Figure 2). Therefore R,_,(o) is a complex 
number of modulus 1. It follows that Rn_&), Rn_3(w), . . ., 
Ro(o) are all modulus 1, and from equation (18) we see that the 
amplitude spectrum of the total field in the upper half-space is 
the same as the spectrum of the incident pressure wave. Since 
the total field is simply the sum of the incident field and the 
reflected field, the reflected field must also have the same ampli- 
tude spectrum, and the reflection response of the layered se- 
quence is therefore white. 

Corollaries 

(I). At precritical incidence r,, is real and modulus less than 
1 for all layers, and therefore there is a wave transmitted into the 
lower half-space. There cannot be any upcoming waves in the 
lower half-space, therefore RN+,(o) = 0, and we see from the 
recursion equation (16) that Rdw) = r, which has modulus less 

1 

FIG. 2. 

than 1 and is real. Using the recursion again, we see that RN-,(o) 
is complex and frequency-dependent, with modulus less tban 1. 
Following the recursion to the top of the stack will all r, real 
and modulus less than 1, we see that all the R,(o) are complex 
with modulus less than 1, including R,(o). Therefore the reflec- 
tion response is not white. 

(2). For postcritical incidence at the interface z = z , we have 
in the n + 1st layer, cr.,, > 1 and -yn+, = J -&$? andis 
pure imaginary. Provided none of the velocities in the deeper 
layers is less than v, + , , it follows that Y,,, is pure imaginary for 
n + 1 =rn=N+ l,andr,isrealforn + 1rmZN t 
1. Since there are no upcoming waves in the lower half-space 
R,(w) = r,, which is real. 

At the interface z = z,, where postcritical reflection occurs, y. 
is real and y.+, is imaginary; therefore r. is complex and mod- 
ulus 1. From the recursion formula (16) we see that R,(w) is 
complex and modulus 1 if R,+,(o) is real. Using the recursion 
again, we see that, because r.+ 1 is real and yn+* is imaginary, 
R,+,(w) will be real if R”+*(u) is real. And again, Rn+2(w) will 
be real if R.+,(o) is real, and so on to the bottom of the stack. 
Since Rdo) is real, it follows that R,(o) is real for n t 1 2 m 
?Nt 1. 

In equation (16), since I, is complex with modulus 1, and 
R,+,(o) is real and yn+i is imaginary, R,(w) is complex with 
modulus 1. Using the recursion again, we see that since r,- , is 
real and R n + ,(w) is modulus 1 and y,, is real, R,_,(o) is com- 
plex and modulus 1. Following the recursion upwards, we see 
that R,(o) is complex and modulus 1. That is, the regection re- 
sponse is white. Physically, this corollary states that no evanes- 
cent waves in the n + 1st layer can result in propagating waves 
in deeper layers if there is no deeper layer with a velocity less 
than that of the n + 1st layer. 
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Conclusions 

We can apply this theorem and its corollaries to real data for 
several purposes and we are sure we have not discovered all the 
extensions of this theorem. First, the assumption of whiteness for 
the reflection response cannot be applied before critical inci- 
dence. Secondly, at critical incidence and, in many practical 
cases at postcritical incidence, the plane wave response can be 
used to determine the spectrum of the incident pressure wave. 
Thirdly, if the spectrum of this wave is already known, then the 
spectrum of the postcritical plane wave response will give a 
check on the linearity of the earth and on the presence of absorb- 
ing layers. We illustrate these conclusions with some examples. 

The Generalized Primary and the 
O’Dohetty-Anstey Formula 

s11.3 

J. R. Resnick, Western Geophysical; I. Lerche, Univ. of South 
Carolina; and R. T. Shuey, Chevron Oil FieM Research (all 
formerly with Gulf R&D) 

The generalized primary is a signal that leaves the earth’s sur- 
face, travels to a reflector and returns, dispersing en route in a 
manner that accounts for all multiples above the reflector. This is 
a generalization of the Born approximation, for which dispersion 
is absent. The transmittance of a one-dimensional medium is 
found by computing the generalized primary at the bottom of the 
medium. The reflectance of the medium can be expressed as a 
sum of generalized primary reflections. A straightforward ap- 
proximation of the generalized primary leads to a formula for the 
transmitted signal that was first obtained under less general con- 
ditions by O’Doherty and Anstey (197 1). 

Introduction 

A single reflection event on a seismic record is often consid- 
ered to be the result of a process in which a primary wave prop- 
agates downward without dispersion, reflects, and returns to the 
surface. In reality, multiple scattering causes the traveling signal 
to disperse. This dispersion is usually regarded as a modification 
to the downgoing signal in the medium, but Richards and Menke 
(1983, p. 1018) pointed out inconsistencies in this viewpoint. We 
clarify this issue with an exact formulation of the reflection pro- 
cess in one dimension in terms of a “generalized primary wave.” 
This generalized primary travels to a reflector and returns, but- 
because it disperses while en route-permits an exact accounting 
for all multiples. A simple approximation then leads us to a for- 
mula for the transmittance of the medium that was first obtained 
in a more restricted form by O’Doherty and Anstey (1971). 

Formulation 

We consider a 1 -D medium with characteristic impedance g(x), 
where x is the one-way traveltime from the surface. The reflec- 
tion coefficient function of the medium is p(n) = 5J-(x)/25(x), 
where the subscript denotes differentiation. With P representing 
pressure and V signifying particle velocity, define the downgoing 
signal D and the upcoming signal U as 

D = ; (P + {V), (1) 

For simplicity we suppose absorbing boundaries exist at the sur- 
face x = 0 and at the bottom x = L. In the frequency domain 
these conditions are expressed as D(O,w) = 1, and U(L,w) = 0. 
Our goal is to find the transmittance T(w) = D&w) and the 
reflectance R(o) = V(O,o). 

Riccati equation 

Let H = V/D. The variable H satisfies the Riccati equation 
(Schelkunoff, 1951), 

H, = pH2 - 2ioH - p, (3) 

with the “initial” condition (at the bottom boundary) H&o) = 
0. The function D is coupled to H through the relation 

rl 
D(x,w) = exp(iwx + 

d 
x p(.r’) a? - 

L p(n’)H(x’ w)dx’), (4) 

and the transmittance follows by putting x = L. The reflec- 
tance is 

R(o) = H(O,w). (5) 

Invariant imbedding 

Consider a medium of length y with y 5 L, identical to the 
original for 0 5 x < y, but having an absorbing boundary at 
x = y. We describe wave propagation in this “truncated” me- 
dium using equations (l)-(5), but now we exhibit y as an explicit 
independent variable, e.g., the Riccati function is written 
H(n,y,w), etc. The reflectance of the original medium can be 
written 

I. 
R(o) = H(O,L,o) = 

d H,(O,y’,w)dy’, (6) 

where the integral is over the length variable of the truncated 
medium. This is a variation on the theme of “invariant imbed- 
ding” (Bellman and Wing, 1975). 

To compute H,(O,y,w), differentiate equation (3) with respect 
to y, reverse the order of differentiition, and integrate with re- 
spect to X. This gives 

H,(O,Y ,4 = H,(Y,Y,@ exp(2ioy 

Y 
_ 

I 
~PWH(X’,Y ,wWx1). (7) 

The boundary condition in the truncated medium is H(y,y,w) = 
0. Hence HYCy,y,w) = -H,Cy,y,w), and evaluating equation (3) 
at x = y yields H&,y,w) = p(y). Substituting into equation (6), 
we obtain 

d 

L 
R(w) = P(Y’) exp(2iwy’ 

Y’ 

- 

d 
2p(x’)H(x’,y’,o)dx’)dy’. (8) 

Generalized primary 

Define Tdown (y, w) to be the transmittance from x = 0 to x = 
y of the truncated medium. From equation (4), 

Y 

TdawnOl,w) = exp(iwy + d P(X’)dx’ 

- ’ p(x’)H(x’,y,w)dx’). (9) I 
Also define T,,&y,w) as the transmittance from x = y to x = 0 
of the same medium. This can be shown to be 

Y 
T,,(y,w) = exp(iwy - _6 P(X’)k 

u = ; (P - {V). (2) - ’ p(x’)H(x’,y,w)&‘). (10) 
d 
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