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5 [1] Channel incision drives hillslope morphology in humid soil-mantled landscapes.
6 When channel incision rates change, numerous hillslope soil properties (e.g., erosion rates,
7 soil thickness, and soil production) adjust in response to this change. Here we investigate
8 the timescales of adjustment of hillslope soil properties when channel incision rates
9 change in time. An idealized soil-mantled hillslope (linear sediment flux law and soil
10 density equal to bedrock density) is investigated, and the transient evolution of this
11 hillslope is determined analytically. This analysis reveals two dominant adjustment
12 timescales. The longer of these two timescales determines the rate at which the entire
13 hillslope adjusts to a change in channel incision rates and is proportional to 4l2/(p2D),
14 where l is the length of the hillslope and D is the sediment diffusivity. Numerical
15 simulations are then used to examine responses of hillslopes that involve nonlinear
16 behavior (e.g., hillslopes that experience nonlinear sediment transport or have soil
17 thicknesses that respond to the soil production function). Using these numerical models,
18 we show that the ratio between the soil density (rs) and the density of the soil parent
19 material (rh) can alter the long-term response of the hillslope such that the characteristic
20 timescale becomes 4rhl

2/(p2Drs). In addition, we show that the adjustments of the
21 soil erosion rate, the soil production rate, and the soil thickness have different
22 characteristic response timescales. Hillslopes that experience sediment flux that is
23 proportional to the depth slope product respond on longer timescales than hillslopes that
24 experience a linear sediment flux law when channel incision rates increase. We illustrate
25 how the spatial pattern of hillslope response to changes in channel incision rates can
26 be used to constrain either channel incision histories or hillslope response timescales. If
27 the hillslope response timescale is known, the pattern of hillslope disturbance can be used
28 to constrain the celerity of a incision wave as it moves upstream through a channel.
29 If the channel incision history is known, the hillslope response timescale may be evaluated
30 on the basis of the spatial pattern of hillslope disturbance.

31 Citation: Mudd, S. M., and D. J. Furbish (2007), Responses of soil-mantled hillslopes to transient channel incision rates, J. Geophys.

32 Res., 112, F03S18, doi:10.1029/2006JF000516.

34 1. Introduction

35 [2] The evolution of soil-mantled landscapes is driven, in
36 part, by channels at the base of hillslopes that erode through
37 the landscape and remove the sediment that is delivered to
38 them by the hillslopes. The relationship between channel
39 erosion rates and hillslope evolution has been a focus of
40 geomorphic research for over a century [e.g., Davis, 1899;
41 Gilbert, 1877; Hack, 1960; King, 1953; Penck, 1972].
42 Modern understanding of the response of hillslope soils to
43 changes in channel incision rates has followed the work of
44 Culling [1960], who first applied a rigorous statement of
45 mass conservation to an eroding hillslope soil.

46[3] Gilbert [1909] suggested that the erosion rate of a
47hillslope soil is proportional to the topographic gradient, an
48observation that has been confirmed by a number of studies
49[e.g., Dietrich et al., 2003, and references therein]. When
50channel incision rates change, several properties of the soil
51adjust in response. If, for example, the channel incision rate
52increases, the hillslope responds by steepening near the
53channel. As a result, soil thins near the channel. The
54steepening of the hillslope near the channel leads to removal
55of sediment upslope, thus removing soil at that location. In
56this way changes in channel incision rates result in changes
57in soil properties that propagate away from the channel
58[e.g., Furbish and Fagherazzi, 2001; Mudd and Furbish,
592005; Roering et al., 2001].
60[4] The adjustments of the soil to changes in channel
61incision rates exhibit characteristic timescales [e.g., Ahnert,
621987; Fernandes and Dietrich, 1997; Furbish and
63Fagherazzi, 2001; Jyotsna and Haff, 1997; Roering et al.,
642001]. These timescales include the time it takes the surface
65topography of the hillslope to adjust to a new channel
66incision rate (the hillslope relaxation time [e.g., Ahnert,
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67 1987]), and the time needed for a perturbation in soil depth
68 to propagate a specified distance upslope [e.g., Furbish and
69 Fagherazzi, 2001].
70 [5] It is of fundamental importance to quantify these
71 timescales for studies of both hillslope and fluvial geomor-
72 phology for two reasons. First, the timescale of transient
73 hillslope response to changes in the channel incision rate
74 provides an estimate of the period over which the resulting
75 changes in soil properties are likely to persist on the hill-
76 slope, and thus is an estimate of the time a hillslope soil can
77 record changes in channel incision rates. Second, the
78 adjustment timescale of a hillslope soil responding to a
79 change in channel incision rate must be known in order to
80 evaluate whether it is appropriate to assume that a landscape
81 has achieved a steady state or equilibrium condition. An
82 equilibrium condition may be defined as the condition
83 achieved when hillslope erosion rates have adjusted to
84 match channel incision rates such that the surface topogra-
85 phy of the landscape does not change in time and the
86 landscape is lowering uniformly relative to base level
87 [e.g., Carson and Kirkby, 1972; Gilbert, 1909; Hack,
88 1960; Howard, 1988].
89 [6] Here we extend the work of Fernandes and Dietrich
90 [1997] and Roering et al. [2001], who examined the time-
91 scales over which hillslope soils respond to changes in
92 channel incision rates, by including not only the response of
93 hillslope erosion rates and surface topography but also the

94soil thickness. For sufficiently simple conditions, the equa-
95tions that govern the evolution of hillslope soils may be
96solved analytically. We report such solutions and use them
97to elucidate how hillslope soils respond to changes in
98channel incision rates. Namely, these solutions allow ex-
99traction of two timescales: one that can be used to estimate
100the adjustment rate of the entire hillslope to changes in
101channel incision rates and another that can be used to
102estimate the rate of propagation of the effects of transient
103channel incision as this signal moves away from the
104channel. In addition, we use numerical simulations to
105demonstrate that if channel incision rates are perturbed the
106response of different hillslope properties, such as the ero-
107sion rate, the soil thickness, and the soil production rate,
108will respond on different characteristic timescales. These
109different timescales can result in situations where, for
110example, the erosion rate of the hillslope may be equili-
111brated to a change in channel incision rate but the soil
112thickness may still be experiencing transient behavior.

1132. Mass Conservation of Eroding Hillslope Soils

114[7] We begin by considering soil-mantled landscapes in
115which the transport of soil due to landsliding and overland
116flow is insignificant. We define the soil layer as the near
117surface material that is being mechanically disturbed by
118processes such as soil creep [e.g., Culling, 1963; Heimsath
119et al., 2002;Kirkby, 1967;Roering et al., 1999; Young, 1978],
120animal burrowing and disturbance [e.g., Gabet, 2000; Yoo
121et al., 2005], frost heave processes [e.g., Anderson, 2002],
122and tree throw and root growth [e.g., Gabet et al., 2003;
123Roering et al., 2002]. In the presence of topographic gra-
124dients, this mechanically active layer is transported down-
125slope. Underlying this mechanically active soil layer is
126a mechanically undisturbed saprolite layer. Material is
127entrained from the inactive saprolite into the active soil layer
128through soil production [e.g., Carson and Kirkby, 1972;
129Heimsath et al., 1997]. Once soil is produced, it can either
130accumulate locally or be removed through either mechanical
131or chemical denudation processes.
132[8] Consider a one dimensional hillslope that has a
133mantle of soil with a thickness h (L), a surface elevation
134z(L) (Figure 1), and a soil-saprolite boundary that is at an
135elevation h(L) (Figure 1), such that the soil thickness is
136equal to:

h ¼ z � h: ð1Þ

138A depth integrated [e.g., Mudd and Furbish, 2004; Paola
139and Voller, 2005] statement of mass conservation for the
140hillslope soil is

@h

@t
¼ � @ hvxð Þ

@x
þ
rh
rs

ph; ð2Þ

142where rs (M L�3) is the dry bulk density of the soil, vx
143(LT�1) is the bulk velocity of the sediment in the x direction,
144rh (M L�3) is the density of the parent material, ph (L T�1)
145is the rate of bedrock lowering due to soil production, and
146the overbars denote depth-averaged quantities. All terms in
147equation (2) represent rates of change in the soil thickness,
148in units of length per time. The first term on the right of the

Figure 1. Schematic of the soil profile, where v is the
depth averaged bulk velocity of the sediment in the x
direction, Sv is the mass loss rate per unit volume due to
chemical weathering, h is the soil thickness, h is the
elevation of the soil-bedrock boundary above an arbitrary
datum, z is the elevation of the soil surface above an
arbitrary datum, ph (L T�1) is the rate of bedrock lowering
due to soil production, and the overbars denote depth-
averaged quantities.
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149 equality is the rate of change in the soil thickness due to
150 mechanical sediment transport processes and the last term is
151 the rate of change in the soil thickness due to soil
152 production. Equation (2) assumes that there is no deposition
153 or erosion at the surface of the soil (i.e., all sediment
154 transport occurs as movement within the mechanically
155 active soil layer), no denudation occurs by chemical
156 processes, and that soil bulk density does not vary in space
157 or time.
158 [9] The lowering of the soil-saprolite boundary is deter-
159 mined by the soil production rate

@h
@t

¼ �ph: ð3Þ

161 Note that by convention, the production rate is defined as
162 positive downward. Combining equations (1)–(3), the
163 change in the surface elevation with respect to time is

@z
@t

¼ � @ hvxð Þ
@x

þ
rh
rs

� 1

� �
ph: ð4Þ

166 3. Timescales of Adjustment to Transient
167 Channel Incision for a Simplified Soil-mantled
168 Hillslope

169 [10] A simplified verison of equation (4) can be solved
170 analytically in order to examine the basic behavior of soil-
171 mantled landscapes as they respond to changes in channel
172 incision rates. The value of this analysis is that it provides a
173 way to concisely define both short and long timescales that
174 characterize the transient response of a hillslope to a change
175 in the channel incision rate, including how these timescales
176 vary with hillslope position, and which are not readily
177 accessible from direct numerical solutions of the governing
178 equations. In addition, the analytical analysis clarifies key
179 points introduced in the seminal work of Culling [1965], as
180 will be described later in this section. Analytical solutions

181also provide an important benchmark for understanding
182numerical solutions and results of others [e.g., Fernandes
183and Dietrich, 1997; Roering et al., 2001] aimed at defining
184characteristic timescales of response.
185[11] We first assume that the density of the saprolite is the
186same as the density of the soil (rs = rh), and that sediment
187transport is linearly proportional to slope:

hvx ¼ �D
@z
@x

ð5Þ

189where D [L2 T�1] is a sediment diffusivity. It is assumed
190that the diffusivity is not a function of space. With these
191assumptions, equation (4) reduces to

@z
@t

¼ D
@2z
@x2

: ð6Þ

193Culling [1965] recognized that equation (6) is analogous to
194the equation describing the conduction of heat in a solid,
195and that this equation may be solved analytically using the
196finite Fourier transform method [e.g., Carslaw and Jaeger,
1971959; Deen, 1998].
198[12] In order to solve equation (6), both initial and
199boundary conditions must be assigned. We consider a hill-
200slope with a divide at the location x = 0 (Figure 2). No
201sediment passes across the divide such that the divide serves
202as a no flux boundary condition for the one dimensional
203hillslope (i.e., @z/@x = 0 at x = 0). A channel is at the
204location x = l (Figure 2). The channel, as it erodes through
205bedrock (or sediment) and removes soil delivered to it by
206the hillslope, serves as the second boundary condition.
207[13] The initial condition is selected such that the hill-
208slope topography is in equilibrium with an initial channel
209incision rate of I0 (LT�1); at equilibrium, the entire hillslope
210is lowering at that rate. The incision then changes to a new
211rate I (L T�1). For simplicity, we assume that the channel
212incises in the vertical direction only, and that there are no
213random fluctuations about the rates I and I0. A coordinate
214system is then selected such that the channel at x = l is
215always at z = 0 (this could represent a moving coordinate
216system [Mudd and Furbish, 2005, 2006] or a situation
217where erosion is matched by uplift). Using these assump-
218tions and initial and boundary conditions, we have derived
219the solution to equation (6) using the finite Fourier trans-
220form method [e.g., Carslaw and Jaeger, 1959; Deen, 1998]:

zbl x; tð Þ ¼ 16l2

Dp3

X1
n¼0

�1ð Þn

1þ 2nð Þ3
I0 � Ið Þe

�Dp2 1þ2nð Þ2 t
4l2 þ I

� �

� cos p 1þ 2nð Þx
2l

� �
; ð7Þ

222where the subscript bl indicates that the surface topography is
223measured relative to the elevation of the channel (Figure 2).
224Within the infinite series in equation (7) the cosine function
225is solely a function of position and defines the basic shape
226of the soil surface. This cosine function is modulated by an
227exponential function that varies in time; this exponential
228function defines the transient response of the hillslope soil.
229Our derivation of equation (7) differs from the derivation

Figure 2. Schematic of the 1-D hillslope. Here the
subscript bl indicates elevation relative to base level,
defined by the elevation of the channel, z0.
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230 presented by Culling [1965] in that we include an incising
231 channel and our initial hillslope is adjusted to a down-
232 cutting rate of I0. In contrast, Culling [1965] presented
233 solutions for a hillslope whose channel stayed at a constant
234 elevation such that the hillslope was eroded to a plane, and
235 a hillslope bounded on both sides by channels that incised
236 at a constant rate. The significance of the new derivation is
237 that we are able to investigate the dynamics of hillslope
238 adjustment to changes in channel incision rates rather than
239 the time necessary to achieve a denuded, peneplane-like
240 surface as investigated by Culling [1965].
241 [14] The local erosion rate of the hillslope soil as a
242 function of time and space can be found by differentiating
243 equation (7):

@z
@t

¼� I � 4

p
I0 � Ið Þ

X1
n¼0

�1ð Þn

1þ 2nð Þ e
�Dp2 1þ2nð Þ2 t

4l2

� cos p 1þ 2nð Þx
2l

� �
: ð8Þ

245 Equation (8) is measured relative to a fixed datum (i.e., not
246 relative to the incision rate of the channel). An example of a
247 hillslope responding to a change in the rate of channel
248 incision at its base as described by equations (7) and (8) is
249 shown in Figure 3.

250[15] Howard [1988] suggested that the adjustment of a
251hillslope to a step change in the channel incision rate can be
252approximated by an exponential decay function of the form

F tð Þ ¼ Ff þ Fi � Ff

� �
e�

t
t; ð9Þ

253where F is a time dependant function, Ff is the value of the
255function at its final equilibrium value, Fi is the initial value
256of the function, and t(T) is a timescale that characterizes the
257rate at which the transient signal decays (e.g., if t = 3t the
258function is within 5% of the final equilibrium value). Both
259Roering et al. [2001] and Mudd and Furbish [2005] used
260equation (9) to estimate hillslope response timescales, but as
261observed by Mudd and Furbish [2005], this approach may
262not be adequate to fully characterize the response timescales
263of soil-mantled hillslopes.
264[16] Equation (9) may be used to fit values of the
265timescale of the hillslope response to changes in the channel
266incision rate (t) at different points on the hillslope, and this
267fit may be compared with the precise timescale of response
268extracted from equation (8). Figure 4 shows a comparison
269of the precise erosion rate predicted by equation (8) and
270the erosion rate based on the simple exponential response
271described by equation (9) as a function of time. Near the
272channel, the hillslope responds rapidly to the perturbation in
273the channel incision rate (Figure 4b), whereas at points near
274the divide (Figure 4a) the perturbation is only felt after some
275delay (as identified by Roering et al. [2001] in their Figure 8).
276As time increases, equation (9) can approximate the response
277of the hillslope, but it does not capture the shorter timescale
278behavior that causes a fast response near the channel and a
279delayed response near the divide (Figure 4).
280[17] As noted by Culling [1965] and embodied in equa-
281tion (7) and equation (8), the response of the hillslope can
282be described by a sum of harmonic functions. Each wave
283number (i.e., n = 0, 1, 2, 3,. . .) in the series of harmonic
284functions has a different characteristic timescale, analogous
285to t in equation (9). The timescale for each harmonic
286function, tn (T), is

tn ¼
4l2

Dp2 1þ 2nð Þ2
: ð10Þ

287As the wave number increases, the characteristic timescale
289decreases, such that the long-term behavior of the hillslope
290is dominated by the wave number n = 0, or in other words,
291t0 = 4l2/(Dp2) = 0.4053l2/D, which is equivalent to the
292relaxation timescale found numerically by Roering et al.
293[2001] for hillslopes whose sediment flux is a linear
294function of slope. The effect of different wave numbers on
295the erosion rate of a hillslope whose channel incision rate
296has been perturbed is plotted in Figure 5.
297[18] Because signals propagate away from the channel,
298the transient response of the hillslope due to the effects of
299higher wave numbers (i.e., n > 0) varies as a function of
300distance from the channel (Figure 5). Near the channel
301(Figure 5b), the effect of the harmonics with higher wave
302number (e.g., n > 0) combine to cause the hillslope to
303respond rapidly to the change in the rate of channel incision;
304this rapid incision is not captured by equation (9) (see
305Figure 4b). On the other hand, the effect of the harmonics

Figure 3. Analytical solutions of equation (6) for (a) surface
topography and (b) erosion rate. The hillslope is 40 m long
(l = 40 m) and has a diffusivity (D) of 0.01 m2 yr�1.
Initially, the hillslope topography reflects a steady
condition adjusted to a channel incision rate (I0) of
0.0001 m yr�1. At time t = 0 the channel incision rate is
increased to 0.0002 m yr�1.
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306 with higher wave numbers is to reduce the erosion rate near
307 the divide (Figure 5a). This relative reduction in the erosion
308 rate due to the harmonic functions with the higher wave
309 numbers, and therefore more rapid response timescales, is
310 what causes the delay in the response of the erosion rate at
311 the divide (Figure 4a).
312 [19] The relative importance of individual harmonic func-
313 tions, and therefore the relative importance of different
314 response timescales (i.e., equation 10), may be determined
315 by comparing the coefficients that multiply the time-varying
316 exponential term in equation (8). We define a function:

ME n; xð Þ ¼ �1ð Þn

1þ 2n
cos

1þ 2nð Þpx
2l

� �
sec

px
2l

h i
; ð11Þ

318 where ME is the ratio of the coefficients that multiply the
319 time varying exponential term of equation (8) for a wave
320 number n to the coefficient when the wave number, n, is
321 zero. In other words, ME is defined by dividing the term
322 within the summation in equation (8) with a wave number n
323 by the term in the summation with n set to zero. By
324 definition, ME is equal to one when n = 0. For n 6¼ 0, ME

325 reflects the proportion of the erosion rate (ME) signal that is
326 contributed by the harmonic with wave number n. Because
327 each harmonic function decays over the timescale described
328 by equation (10), ME measures the importance of higher
329 harmonics (n > 0) while t is less than tn.
330 [20] The magnitude of the harmonics as a function of
331 position is plotted in Figure 6. Recall from Figure 5 that if a

332given harmonic takes a negative value, this causes a delayed
333response in the erosion rate. This corresponds to negative
334values of ME, and as depicted in Figure 6 this effect is most
335pronounced near the divide (x = 0). Positive values of ME

336indicate that fast moving signals are accelerating the re-
337sponse of the hillslope to the change in channel incision.
338This occurs in locations near the channel. Near the divide,
339the harmonic of n = 1 is a significant fraction of the total
340response of the hillslope (Figure 6). Because this harmonic
341is the principal cause of the delay between the time the
342channel incision rate is perturbed and the time the divide
343‘‘feels’’ this signal, the time of delay can be estimated by the
344timescale of this harmonic. By equation (10), the delay in
345the response of the divide after the channel incision rate is
346perturbed is t0/9. So, for example, in the hillslope depicted
347in Figures 3, 4, and 5, which has a length of 40 m and a
348diffusivity of 0.01 m2 yr�1, t0 is approximately 65 ka, and
349t1 is approximately 7 ka. Examination of Figure 4b reveals
350that the divide begins responding to the transient incision
351signal at approximately 7 ka.

3524. Timescales of Hillslope Response for Soil
353Thickness, Soil Production, and Hillslope Erosion
354Rate

355[21] The analysis in sections 2 and 3 focuses on analytical
356solutions for idealized hillslopes where soil production and
357soil thickness are not considered. We now extend our

Figure 4. True erosion rate (solid lines) and erosion rate
predicted by fitting equation (9) (dashed gray lines) as a
function of time at (a) the divide (x = 0) and (b) a point near
the channel (x = 32 m = 0.8l). The hillslope is the same as
that described in Figure 3.

Figure 5. Erosion rate due to individual harmonics on a
perturbed hillslope as a function of time. The symbol n
refers to the wave number. (a) Harmonics at the divide
(x = 0) and (b) harmonics at a point near the channel (x =
32 m = 0.8l). Note that the total erosion rate is the sum of
all harmonics minus the perturbed incision rate I (see
equation (8)).
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358 analysis to include these and other factors. Returning to
359 equations (2)–(4) to describe the soil-mantled hillslope, we
360 assume that the soil may have a different dry bulk density
361 than the soil (i.e., rs 6¼ rh). In addition, the soil production
362 rate, ph, is described by a function of the soil thickness
363 (h). In several field locations [e.g., Heimsath et al., 1997,
364 2000, 2001], the soil production rate has been found to be
365 a decreasing function of increasing soil thickness:

ph ¼ W0e
�h

g ð12Þ

366 where W0 (L T�1) is the nominal rate of soil production
368 when the soil thickness is zero and g (L) is a length scale
369 that characterizes the rate of decline in the soil production
370 rate with increasing soil thickness. Others have argued for a
371 soil production function that peaks at some intermediate soil
372 thickness [Ahnert, 1976; Anderson, 2002; Carson and
373 Kirkby, 1972; Furbish and Fagherazzi, 2001; Wilkinson et
374 al., 2005]. Here we limit our analysis to a soil production
375 function that takes the form of equation (12).
376 [22] Because the soil production as described by
377 equation (12) is a nonlinear function of soil thickness,
378 equations (2) and (4) are best solved numerically. In
379 addition, the relationship between slope and sediment flux
380 may be nonlinear. Examples include sediment flux that
381 increases asymptotically as the hillslope approaches a
382 critical gradient [Andrews and Bucknam, 1987; Roering et
383 al., 1999, 2001, Roering, 2004], sediment flux that varies
384 nonlinearly with slope due to biogenic effects [e.g., Gabet,
385 2000; Gabet et al., 2003; Yoo et al., 2005], an effective
386 sediment diffusivity that is a nonlinear function of soil
387 thickness [Anderson, 2002], and sediment transport that is
388 a function of the product of the hillslope gradient and the
389 soil thickness [Heimsath et al., 2005].
390 [23] For example, Roering et al. [2001] examined the
391 adjustment timescale of hillslopes whose sediment flux was
392 a nonlinear function of the hillslope gradient of the form

hvx ¼ �D
@z
@x

1� 1

Sc

@z
@x

� �2
" #�1

; ð13Þ

393 where Sc (dimensionless) is a critical slope. They found that
395 the hillslopes experiencing sediment flux governed by

396equation (13) had lower values of t (see equation 9) than
397did hillslopes where sediment transport was a linear
398function of slope (e.g., equation 5). The response became
399more rapid (e.g., t decreases) as hillslope gradients
400increased [Roering et al., 2001]. Here we investigate the
401timescales of hillslope response as affected by the soil
402production and sediment flux that is proportional to the
403product of soil thickness and hillslope gradient.

4044.1. Overview of Numerical Simulations

405[24] As we have demonstrated in section 2, changes in
406channel incision rates lead to signals that move away
407from the channels with different characteristic timescales
408(equation 10). We now concentrate on the timescale, t, that
409may be extracted using equation (9) as described by
410Howard [1988] and Roering et al. [2001]. In each of our
411experiments, the function F(t) in equation (9) is fit using
412least squares minimization with three properties of the
413hillslope soil at the divide: the erosion rate (@zbl/@t), the
414soil thickness (h), and the surface topography (z). We again
415note that when the time elapsed since the change in channel
416incision rate equals 3t, the value of the soil property being
417analyzed (which could be topography, soil thickness, ero-
418sion rate, etc.) is within 5% of its final value if the new
419channel incision rate is steady in time. In our simulations,
420the most rapid incision rates (either I or I0) were restricted to
421values less than W0 so that none of the simulated hillslopes
422experienced zero soil thickness (in other words, the soil
423production rate could always keep up with the erosion rate).
424[25] Two sets of model runs were carried out. The model
425solves equations (2)–(4) using a finite difference scheme. In
426the first set of model runs, sediment transport was assumed
427to be a linear function of slope (equation (5)) and in the
428second set of model runs the sediment flux was assumed to
429be proportional to the product of the soil thickness and the
430hillslope gradient:

hvx ¼ �DLh
@zbl
@x

; ð14Þ

431where DL is a transport coefficient of units L T�1. We call
433equation (14) the depth-slope sediment flux law.

4344.2. Linear Flux Law

435[26] Response timescales for hillslopes whose sediment
436flux is linearly proportional to slope are plotted in Figure 7.
437Figure 7a plots the ratio between the timescale extracted by
438equation (9) (t) and the timescale t0 predicted as the long-
439term adjustment timescale by equation (10). This plot
440illustrates that the ratio between the density of the soil
441and the density of the soil’s parent material can have a
442significant influence on the relaxation time of the hillslope.
443Figure 7b plots the ratio trs/rht0 (this ratio is equal to t/ta,
444see equation (15)) for the erosion rate and the soil thickness.
445These curves are approximately equal to one, such that the
446relaxation timescale of a hillslope where the dry bulk
447density of the soil is different from that of its parent material
448can be approximated by:

ta ¼
4rhl

2

rsp2D
ð15Þ

Figure 6. Values ofME (see equation (11)) as a function of
wave number.
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450 where ta is an approximate timescale of adjustment for
451 hillslopes that experience a linear sediment flux law and
452 experience soil production such that the hillslope is modeled
453 using equations (2)–(4) and (5).
454 [27] In Figure 8, we plot the difference between the
455 adjustment timescale t extracted using equation (10) and
456 the approximated timescale ta, normalized by ta. As
457 observed by Furbish and Fagherazzi [2001] and Mudd
458 and Furbish [2005], soil thickness responds on a different
459 timescale than does the erosion rate (Figures 7b and 8a). In
460 addition, soil production also responds on a different
461 timescale, although the timescale of response for production
462 more closely matches that of erosion than does the soil
463 thickness. Our numerical experiments have shown that W0

464 has a negligible influence on the timescale of hillslope
465 response, but both the ratio between the timescale of
466 response in the erosion rate and the timescale of response
467 of the soil thickness is sensitive to the difference between
468 the initial and final channel incision rates and also the length
469 scale (g) over which soil production decays (Figure 8). The
470 length scale over which soil production decays is important
471 because it determines how sensitive the soil production rate
472 is to changes in soil depth.
473 [28] As the difference between the initial and final inci-
474 sion rates grows, the discrepancy between the approximate
475 timescale ta and the timescale of response of the hillslope t
476 grows for the soil production rate, the erosion rate, and the
477 soil thickness. This effect is most pronounced for the soil
478 thickness, such that for hillslopes where there is a large
479 difference in the channel incision rates (e.g., I/I0 < 0.2) the
480 response timescale of the soil thickness can be much greater
481 than the response timescale for the erosion rate (Figure 8a).
482 When channel incision rates are decreased, the soil thick-
483 ness responds to the change in channel incision more slowly
484 than the surface topography, whereas when the channel
485 incision rate increases the soil thickness adjusts more
486 rapidly than the hillslope erosion rate. As seen in Figure 8b,
487 the timescale of response will be more poorly predicted by
488 ta for thicker soils than for thinner soils (because g sets the
489 soil thickness for a given erosion rate).

490 4.3. Depth-Slope Flux Law

491 [29] In the case of hillslopes where sediment flux is
492 governed by equation (14), ta is inappropriate for compar-

493ing to the timescale, t, which is measured by equation (9),
494because DL is of different units than D. Instead, the D in
495equation (15) may be replaced by D 	 DLh, which is
496equivalent to stating that the diffusivity of the soil is depth
497dependant [e.g., Anderson, 2002]. Figure 9 plots the ratio of
498t to this modified ta where in these plots ta = 4rhl

2/
499(p2DLhrs) and the soil thickness (h) is evaluated when this
500thickness is in equilibrium with the lowest channel incision
501rate (e.g., the slowest possible hillslope response timescale
502for a given model run).
503[30] Several features of response timescales for hillslopes
504whose sediment flux is proportional to the product of the
505soil thickness and the hillslope gradient contrast with hill-
506slopes whose sediment flux is linearly proportional to slope.
507In general, the response timescales of hillslopes with the
508depth-slope sediment flux law deviate from the predicted
509response timescale ta by a larger margin than do hillslopes
510that experience the linear flux law. For some hillslopes
511where the incision rate decreases (I/I0 < 1) the predicted
512response timescale (ta) is greater than the computed re-
513sponse timescale (t) although this may be an artifact of
514selecting the ta based on the slowest possible response
515timescale (e.g., calculating ta base on the minimum soil
516thickness of the model run). For the hillslopes that experi-
517ence and increased incision rate (I/I0 > 1), the response
518timescale increases for hillslopes that experience a flux law
519that goes as the depth slope product. This contrasts with the
520hillslopes that experience a linear flux law such that signals
521from the channel can be stored in hillslopes that experience
522sediment flux that is proportional to the depth slope product
523for a much greater period of time than a similar hillslope
524that experiences a linear sediment flux law.

5265. Implications of Transient Response
527Timescales

528[31] For a landscape that exhibits characteristics of being
529in a transient state, for example, a landscape that has
530widespread knickpoints within the fluvial network [e.g.,
531Arrowsmith et al., 1996; Crosby and Whipple, 2006], it is in
532principle possible to extract information about the nature
533and history of this transient condition from the state of the
534hillslopes, including their geometry and soils [Furbish,
5352003]. Examples of hillslope properties that may be usefully

Figure 7. Plots of normalized (by (a) t0 and (b) ta) response timescale for the soil thickness and
erosion rate. Other parameters from these model runs are D = 0.005 m2 yr�1, g = 0.3 m, l = 20 m, W0 =
0.0003 m yr�1, I0 = �0.0001 m yr�1, and I = �0.0002 m yr�1.
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536 measured are topography (obtained through topographic
537 surveys or laser altimetry [Shrestha et al., 1999]), the spatial
538 distribution of soil thickness (obtained from soil pits or
539 ground penetrating radar [Neal, 2004]), and the spatial
540 distribution of soil production (obtained through cosmogenic
541 radionuclide dating techniques [Heimsath et al., 1997]).
542 This point can be elaborated by considering implications
543 of the hillslope response timescale for two examples: (1) a
544 transient landscape for which the sediment flux law has
545 been constrained but the timing of the transient perturba-
546 tion to the fluvial network is unknown and (2) the timing
547 of the perturbation is known but the sediment flux law is
548 uncertain.

549 5.1. Known Flux Law, Unknown Timing of
550 Transient Perturbation

551 [32] At present there are few examples of landscapes for
552 which the appropriate sediment flux law is known with
553 certainty, but methods are emerging by which this important
554 aspect of the landscape may be constrained [Anderson,
555 2002; Dietrich et al., 2003; Furbish, 2003, Heimsath et
556 al., 2005]. Several authors have described methods for
557 providing relative ages of fault scarps or terraces [e.g.,
558 Andrews and Bucknam, 1987; Nash, 1980], but in many
559 cases absolute ages are preferable, and relative dating
560 techniques can only yield absolute ages when degradation
561 periods have been constrained for more than one hillslope
562 [Nash, 2005]. If, however, the sediment flux law is known,
563 then under ideal conditions an absolute (as opposed to
564 relative) time elapsed since the perturbation to the channel
565 incision rate may be estimated by measuring the erosion rate
566 along a hillslope profile and matching this information with
567 predictions of the hillslope response to a perturbation at its
568 base. For example, at a location where a step change in the
569 rate of channel incision is thought to have occurred, a point
570 on the hillslope can be selected (for example, the divide),
571 and the postulated history of soil production rate and soil
572 depth can be calculated numerically (generating information
573 similar to the time series of the erosion rate in Figure 4). The

574measured and calculated soil depth and soil production rate
575could then be matched to allow extraction of the time
576elapsed since the step change in incision rate.
577[33] For channel incision histories more complex than a
578step change in incision rate, more sophisticated inversion
579techniques would be required to constrain the history of
580channel incision; these techniques are beyond the scope of
581this contribution. We note, however, that transient perturba-
582tions at one point in the channel network are thought to
583propagate upstream [e.g., Whipple and Tucker, 1999].
584Consider first several basins in which the timescales of
585hillslope response are the same but the response of the
586channel network to a perturbation in the channel incision
587rate is different. As the changes in the channel incision rate
588propagate upstream these incision signals leave a record

Figure 8. Difference between hillslope response timescale t and approximate hillslope response
timescale ta normalized by ta for hillslopes whose sediment flux is linearly proportional to the hillslope
gradient. (a) Difference in response timescales for soil thickness, soil production rate, and erosion rate for
a hillslope with parameters rh/rs = 1.5, D = 0.005 m2 yr�1, g = 0.25 m, l = 20 m, W0 = 0.0006 m yr�1,
and I0 = �0.0001 m yr�1. (b) Normalized response timescale of soil thickness for different values of g on
a hillslope with parameters rh/rs = 1.5, D = 0.005 m2 yr�1, l = 20 m, W0 = 0.0006 m yr�1, and I0 =
�0.0001 m yr�1. Note the change in scale on the vertical axes between Figures 8a and 8b. There are no
data for I/I0 = 1 because there is no change in the hillslope under these conditions.

Figure 9. Difference between hillslope response timescale
t and approximate hillslope response timescale ta normal-
ized by ta for hillslopes whose sediment flux is proportional
to the hillslope gradient times the soil thickness. Diamonds
represent the soil thickness, squares represent the production
rate, and triangles represent the erosion rate. The hillslopes
modeled have parameters rh/rs = 1.5, D = 0.005 m2 yr�1,
g = 0.75 m, l = 20 m, W0 = 0.00025 my r�1, and I0 =
�0.0001 m yr�1. There are no data for I/I0 = 1 because there
is no change in the hillslope under these conditions.
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589 stored within the adjacent hillslope soils (Figure 10). The
590 celerity at which a change in the channel incision rate
591 propagates through the channel network will be reflected
592 in the degree to which the perturbation of hillslope soil
593 properties has advanced upslope away from the channel
594 along the channel network. Thus measuring the extent to
595 which the soil perturbation has advanced away from the
596 channel as one moves through the drainage basin allows
597 what is in essence a substitution of space for time, and can
598 be indicative of the history of the celerity and magnitude of
599 the channel incision signal (Figure 10, scenarios 1–3).
600 [34] Because hillslope soils respond to changes in channel
601 incision rates, these soils provide a window into the past; if
602 the incision rate in the channel has changed at some time in
603 the past, surveying hillslope soil properties as one moves
604 away from the channel is akin to reading a recorded history
605 of the incision history of the channel. Moreover, of funda-
606 mental importance is quantifying how long these disturban-
607 ces remain imprinted on the landscape. The length of time
608 that soil-mantled hillslopes may be used as recording devices

609for channel incision histories is captured by the hillslope
610relaxation time and the fundamental timescales addressed in
611sections 2–4. Thus, in some cases hillslope soils may be
612used to quantify changes in channel incision rates for events
613that occurred a million years or more in the past.
614[35] The hillslope response timescale may also be inves-
615tigated based on the pattern of hillslope disturbance if the
616channel response to perturbation is known. In Figure 11 we
617show two different patterns of hillslope response to the
618same history of channel incision. The pattern of soil
619disturbance will reflect the speed of the hillslope response
620in relation to the celerity of the channel incision signal as it
621moves upstream if the channel incision history is the same
622in both basins (Figure 11). Thus different properties of a
623landscape as it responds to transient incision rates may be
624evaluated based on the existing information about the hill-
625slope response timescale. If the response timescale is
626known, the pattern of hillslope disturbance can be used to
627understand the spatial and temporal response of channel
628incision rates. If the channel incision history is know, on the

Figure 10. Schematic diagram showing idealized response of soil-mantled basin to transient channel
incision rates. Prior to perturbation, the erosion rate of the basin is homogeneous, and likewise, the soil
production rate and soil depth are homogeneous. Scenarios 1, 2, and 3 depict adjustment of the hillslope
soils in the basin to different transient behaviors of the channel after the same time elapsed from the initial
perturbation.

F03S18 MUDD AND FURBISH: RESPONSES OF HILLSLOPES TO INCISION

9 of 12

F03S18



629 other hand, the pattern of hillslope response may be used to
630 evaluate the relative speed of the hillslope response (and
631 equivalently, the hillslope response timescale) to the celerity
632 of the channel incision signal.

633 5.2. Known Timing of Transient Perturbation,
634 Unknown Flux Law

635 [36] In contrast to the situation described above, consider
636 a landscape in which the sediment flux law is unconstrained
637 but there is a known history of channel incision. Examples
638 could include basins that drain into a body of water that
639 both sets the base level for the basin and has a known
640 history of relative elevation (e.g., by dated paleoshorelines
641 or marine terraces), or a river system with dated strath
642 terraces. As illustrated in section 4, hillslopes that have
643 different sediment flux laws will respond differently to the
644 same perturbation in the channel incision rate at their bases.
645 A simple scenario consists of a step change in the channel
646 incision rate. If the channel incision rate increases, a hill-
647 slope involving a depth-slope product flux law requires a
648 greater time to respond to this change in incision rate than
649 does a hillslope involving a linear sediment flux law. The
650 implication is that if a soil property such as the soil
651 production rate is measured at the divide at a known time
652 following the step change in channel incision rate, then this
653 soil property must simultaneously be compatible with the
654 new channel incision rate and with the ‘‘correct’’ sediment
655 flux law, among alternatives. That is, because different
656 sediment flux laws have different characteristic timescales
657 of adjustment to changes in the channel incision rate at the
658 base of a hillslope, different sediment flux laws will produce
659 different spatial patterns of hillslope soil properties that may
660 be used to constrain the appropriate flux law [Furbish,
661 2003; Roering et al., 2004].

663 6. Conclusions

664 [37] Channel incision drives the evolution of humid soil-
665 mantled hillslopes. When channel incision rates change, soil
666 response signals from such changes propagate away from

667the channel. These signals operate on a number of time-
668scales. We have demonstrated that for soil-mantled hill-
669slopes two timescales are particularly important. The first
670timescale, which we call t0, determines how much time
671must pass after a change in the channel incision rate before
672the entire hillslope equilibrates to this new condition. For
673hillslopes that experience sediment flux that is linearly
674proportional to slope and whose soil is the same density
675as the material from which the soil is derived, this timescale
676is approximated by 4l2/(p2D) where l is the length of the
677hillslope and D is the sediment diffusivity. At a time of 3t0
678after a perturbation on the channel incision rate, the topog-
679raphy and erosion rate of the hillslope are within 5% of their
680final values, and the hillslope can be reasonably considered
681to be at steady state. An additional timescale is the time it
682takes a signal caused by a change in the channel incision
683rate to propagate from the channel to the divide. This
684timescale is approximated by t0/9.
685[38] As described by both Furbish [2003] and Roering et
686al. [2004], measurement of several spatially and temporally
687varying soil properties can be used to constrain the dynamic
688response of hillslopes to changes in the channel incision
689rate. The strongest spatial variation in soil properties can be
690expected to occur within the time after channel perturbation
691of 0 < t < t0/9, when the hillslope near the channel has
692begun to adjust to the new channel incision rate but the
693divide has not yet ‘‘felt’’ this disturbance.
694[39] On hillslopes where soil is not the same density as
695the material from which the soil is derived (i.e., when rs 6¼
696rh), the ratio between the two densities is of first-order
697importance in determining the hillslope response to a
698change in the channel incision rate. In this case, the
699response timescale can be approximated by 4rhl

2/(p2Drs)
700if sediment flux is linearly proportional to slope. The
701difference in the adjustment timescales for soil thickness
702and soil erosion rate is sensitive to the ratio between the
703initial channel incision rate (I0) and the channel incision rate
704after it has been perturbed (I).
705[40] For hillslopes where sediment transport is linearly
706proportional to slope, the difference in the adjustment

Figure 11. Schematic diagram showing idealized response of soil-mantled basin to transient channel
incision rates (see text).
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707 timescales for soil thickness and soil erosion rate is greater
708 for hillslopes where the new incision rate I is a smaller
709 proportion of the old incision rate I0, whereas on hillslopes
710 where the sediment flux is proportional to the depth slope
711 product accelerated incision results in increased response
712 timescales. Because hillslopes with different sediment flux
713 laws respond to changes in channel incision on different
714 timescales, it is critical to correctly identify the flux law
715 operating on a soil-mantled landscape if one is to determine
716 if a hillslope is approaching a steady state condition at some
717 known time after a channel incision event. This identifica-
718 tion of the correct flux law is also critical if one is to assess
719 the duration that signals (such as topography, soil thickness,
720 soil production rates, and erosion rates) from transient
721 erosion events will be stored in hillslope soils.

722 Notation

D sediment diffusivity (L2 T�1).
h elevation of soil-bedrock boundary (L).
g soil production decay length scale (L).
h soil thickness (L).

I, I0 channel incision rate and initial incision rate,
respectively (L T�1).

l length of the hillslope (L).
ME ratio determining the magnitude of the time vary

component of the erosion rate as a function of
position and wave number.

n wave number (dimensionless).
ph soil production rate (L T�1).
rs depth averaged dry bulk density of

hillslope soil (M L�3).
rh Dry bulk density of parent material (M L�3).
Sc critical slope for linear-critical flux law

(dimensionless).
t time (T).
t decay timescale (T).
ta approximate hillslope response timescale for

hillslopes where rs 6¼ rh.
tn decay timescale for individual harmonic

functions with wave number n.
vx depth averaged sediment velocity in the

x direction (L T�1).
W0 nominal rate of soil production (L T�1).
x distance from the divide (L).
z elevation of soil surface (L).

zbl elevation of soil surface relative to the channel (L).
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