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7.1 Declaration

| am the sole author of al text and program code described in the following
chepter, dthough the text draws heavily from sources referenced in the text. All
references are cited, and | declare the text to be my own work. Fortran 90 code for the

programs described is included in eectronic forma in an appendix.
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7.2 Abstract

We document a set of Fortran 90 programs (the Edinburgh Space-Time Geostatistics
Package) for the spatio-tempora regiondization of daa via geostatisticd methods The
programs utilize the product and product sum covariance representaions of spatio-
tempord daa interactions. The code described dlows interpolaion of a daa set over
and arbitrarily spaced grid in continuous spatid and tempora coordinate systems. Error
andyses are provided via the Jack Knife. The resultant spatio-tempord fields represent
the expectaion of a random function (RF), conditioned on the observed daa and
covariance modd. The techniques implemented dlow production of fieldsof estimation
variance. We also provide code for smulaion from the RF, via Sequentid Gaussan
Smulaion (SGS). The SGS technique makes random draws from the RF, and alows
the user to quantify the uncertainty of the interpolated field. SGS dlows Monze Carlo
andyss of the regiondisation by ensuring draws from the distribution (described by the
expectaion and egtimation variance) conform to the observed gspatio-tempord
covariance of the daa The SGStechnique is particularly useful in cases where the user
intendsto parameterise amodd with aregiondised field, as the interpolation uncertainty
can be propagated through the modd to produce gppropriate confidence intervas.
Ingtructions for the use of the software are provided, dong with sufficient background
theory to successfully implement spatio-tempord regiondisation. A section discussing

practica agpects of geogtatisticd moddling is dso provided as an ad to first time users.
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7.3 Introduction

The Edinburgh SpaceTime Geodatigtics software is a collection of three
programs for the purpose of upscding observations of a variable of interest to a set of
coordinates digtributed over some region of interest. The programs dlow upscaling of
daa using the inverse distance weighting method (IDW.exe) and Kriging (Geostats.exce).
Use of the Kriging dgorithm generates estimates a unsampled locations using arandom
function modd, specified from the daa distribution and a description of the spatio-
tempord relaionship between observations. Smulations can be dravn from this modd
using the program Gazssim.exce.

The field of geogtatigtics has been in development since the late 1960s (Cresse
1990), and in the last decade geodtatigtical techniques have expanded to encompass
gpatio-tempord estimation problems (Kyrigkidis and Journel 1999, Christakos 2000, De
Cesare et d. 2001b, De laco e d. 2001). While multi-dimensona implementations
existed prior to this, unique chalenges of spatio-tempora implementations remained: In
paticular, describing the spacetime autocorrelaion sructure of the daa was
problematic (Kyrigkidis and Journd 1999, De Cesare et d. 2001a, Gneiting 2002b,
Gneiting et d. 2005). In 2001, De laco et d. introduced the product-sum covariance
modd (De laco et d. 2001), dlowing intuitive and smple congruction of spatio-
tempord descriptions of autocorreaion, and provided Fortran 77 code for edimation
viathese techniques (De Cesare e d. 2002).

A wedth of software exists for geostdidicd estimation (eg Deutsch and
Journd 1998, De Cesare e d. 2002) prompting the question, why develop anew set of
tools a al? The intention of the current software and documentétion is to provide a

user friendly and flexible implementation of spatio-tempord geostatisticd methods as
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described by De Cesare e d. (20018) with custom built Fortran 95 software, rather than
the modified GSLIB (Deutsch and Journd 1998) code implemented by De Cesare et d.
(2002): In particular, we wished to dlow cross-vdidaion of entire time series, rather
than the ©ne observation a a timeOmethod implemented by De Cesare et d. (2002),
and to provide additiond outputs not provided by the GSLIB code

Theoreticd introductions to geostaigticd techniques are abundant (Clark 1979,
| saeks and Srivestava 1989, Cresse 1991, Gooveerts 1997, Deutsch and Journdl 1998,
Wackernagel 1998), and relevant materid for gatio-temporad implementaions can be
found in (Kyrigkidis and Journd 1999, De Cesare et d. 2001b, a De laco et d. 2001,
Heuvelink and Webster 2001, De Cesare et d. 2002, Gneiting 2002b, De laco et d.
2003, Gneiting et d. 2005). It is not our intention to re-cover this materid: Whilst we
provideabrief introduction to the relevant materia necessary to successfully implement
the techniques described, we assume some familiarity with the theory behind Kriging,
and focus on a more gpplied description of spatio-tempord estimation techniques as
implemented in the accompanying software, in the hope that they may prove useful to
others. The program is supplied with the GNU generd public license agreement: Please

acknowledge the authors when using this software.

7.4 The Random Function Model and the Requirement of
Stationarity

Linear geogtatistical methods employ a probabilistic gpproach to upscaing; each
daa point is concelved of as adraw from anorma distribution, referred to as Gaussian

random varigble (RV). This collection of RVs ae relaed to each other by some
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quantifigble distance metric. This collection of spatio-temporaly dependent random
varigblesis known as arandom function.

Kriging produces an estimate by cdculaing the conditiond expectation of the
random function (RF) for the estimation location, given the observed vdues. The
expectation of the RF is fully defined by the expectation and covariance structure of the
RF. Locd spatid uncertanty can be explored by repeaied draws from the RF iz
sequentid smulation (see section 7.9.1iv). Generdly, the satistical description of
autocorrelation is provided by the semivariogram, athough other choices are possible
(see section 7.5.2). We generdly infer the covariance structure from the semivariogram.

In orde to make inferences about any distributiond characteristic (expectation,
variance ez.) of an RV it is useful to have repeated measurements from its distribution.
Therefore, in orde to estimate the autocorrelaion between (the RVs representing)
observations separaed by distance /, it is useful to have multiple observations on their
joint digtribution: Such a set of observations are never truly avalable, snce subsequent
samples & any location will be drawn at different tempord coordinates.

In the absence of repeated measures, we may subgtitute spatid replication for i
sitn repetition. The intention is tha by grouping together dl observation pairs separated
by digance / (= some lag tolerance), we can recondruct the RVs, providing the
following condition is met: To ensure tha the description of autocorreation is reedily
caculable, we require that al RVsin lag 4 share same digribution. This implies that the
mean and variance of the data must be trandation invariant (homogenous) across the
region of interest, a condition referred to as second order sationarity. However it is
aufficient that the mean and variance are homogenous only within the lag 4; referred to
as intrindc gationarity. If this condition is satisfied, the smilarity of data pars can be

defined purely in terms of their separation distances, grestly smplifying the specification
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of the RF. If the undealying function is not intrinscdly saionary, it may be possible to
modd a regiondisation using the relaive semivariogram (Cresse 1985b). Further
discussion can befound in (Cresse 1991, Goovaerts 1997, Deutsch and Journel 1998).
In order to satisfy second orde gtaionarity in practice, it is often necessary to
remove trends from the observetions via some modd. These trends can ether be
removed form the daa and added back to interpolated estimates of the resduds, or

incorporated directly in the interpolation scheme (see sections 7.8.2.i and 7.8.2.ii).

7.5 Initial Data Modelling

7.5.1 Accounting for Global Trends

Geogdigicd methods modd a RF as a combinaion of the mean » and a
gpatidly coloured, normdly distributed noise process e. The mean is not necessarily
uniform across the domain, and may be defined by some globd trend function, whilst &
isdefined by amodd of autocorrelation. This decomposition of the processinto alarge-
scae trend component and smdl-scae autocorrelated noise is familiar from time series
andyss (Cresse 1991), and formsthe rationde of non-gationary geostaistics.

Large-scde trends in the daa may cause problems in estimating a modd for ¢,
and may often cause gatistics such as the semivariogram to become ungtable, tending to
infinity as separation distances become large (see section 7.5.2.i). On the other hand,
large-scde trends may provide another source of information for congraning estimates,
and may provideredistic physica degpendencies in the resulting estimates. Furthermore,
it is conceptudly useful to partition daavariation between known, messured trendsand
dependencies, and a stochadtic but sructured error component; this latter component

reflects the unknown or unknowable latent variables which are ether unmeasured, or
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effectively too complex to control for in daa collection. In either casg, it is necessary to
account for these trends and gppropriately quantify them. Large-scae trends can be
effectively moddled either through process-based knowledge of the variable of interest,
or empiricaly through the use of trend surface andysis (Haining 2003) or the median
polish (Tukey 1977), as popularised by Cresse (Cressie 1984, Cressie 1991).

All three programs provided in the Edinburgh Space-Time Geogatistics packege
dlow for incorporéation of large-scae trends in the estimation procedure. When large-
scae trends are present in the daa, it is necessyy to remove them prior to the
caculation of the semivariogram. If the trendsare rdated to secondary variablesthat are
known across the study site, non-gaionary methods of geostatistics may be goplicable
(see sections 7.8.2. and 7.8.2.ii). However, in the case of linear longitudind trends or
gmilar, non-gaionarity may be accounted for by appropriate choice of kriging
neighbourhood (see section 7.8.2.i), providing loca sationarity is achieved for the

conditioning data (see Journel and Ross 1989 for further dealls).

7.5.2 Accounting for Autocorrelation

7.5.2.i The semivariogram

The semivariogram is a method for summarizing the pattern of spatid or
tempord variaion (autocorrelaion) of an observed phenomenon (Hudson and
Wackernagel 1994, Gringarten and Deutsch 2001); describing the way in which similar
observation vaues are clustered in space or time, in accordance with Tobler@first law
of geography (Tobler 1970). The semivariogram is therefore ameasure of the dissimilarity
of daa pars as the separation between them increases, and is essentidly the inverse of

the auto-covariance of the data (D eutsch and Journd 1998).
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The term semivariogram is often loosaly applied to describe a whole series of
possble satistics applied to a set of observations with attached coordinates, but most
correctly it agpplies to Maheon® Olassca estimaorO (Maheron 1962) of
autocorrelaion: For a set of » observations, we may choose any par of déaa vaues, z,
and z, with associated coordinates #, and #. The dissmilarity of the data pair can then be

cdculated as hdf the squared difference between the observed vaues:

), = L2 -2z<uj>]

(7.1)

Plotting the differences !/ againgt separation distance results in the variogram

cloud. The variogram cloud is typicdly diffuse, and suffers from pointwise instability
(Digdle et d. 2002). By averaging the pairwise dissmilarities over aset of » spatid lags H
={h,...,h,} wearive a the more sable semivariogram, denoted y (h) :

N(h
. 1 &

h= N Z[z(ui) — 2(u, + )] (7.2)

This is actudly the firss moment of inertia of the lag (Isseks and Sivastava
1989), reflecting the width of the scatter of z, on z,., from the 45° line, where « is any
location in the region of interest and 4 is a separation vector.*

Goovaerts (1997) points out that a generdised semivariogram estimaor is

possible by changing the power of equation 7.2 from 2to w:

N(h
1 (h)

A

7, = N 2 [2(u,) = z(u, + h)] (7.3)

" NOTE: The semivariogram can be used to derive an estimate of the fractal dimension of a process,
which relates to the surface roughness of the RF. Fractal dimension can be calculated from the slope
of the linear portion of the log-log plot of semivariogram (Palmer 1988, Leduc et al. 1994). An
interesting extension is provided in (Gneiting and Schlather 2004).
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For w = 2 we arive a the @assicalCestimator, but by reducing the vaue of
we can reduce the influence of extreme vaues on the measurey, . Vaues of note are w

= 1 and w = 05, returning the mean absolute deviations, and square root devitions
(known &s the madogram and rodogram respectively), and are commonly used dternatives
(Deutsch and Journd 1998). These more robust dternaives may help to make
inferences about the nature of the autocorrelaion of a process when used in
conjunction with the semivariogram.

Providing the mean and variance of the observed phenomenon is trandation
invariant (i.e. identica for any subregion of the domain), the semivariogram is a vaid
description of the spatid autocorrelaion structure of the daa (Cresse 1991). If the
above condition is satisfied, the difference between any par of daa points a arbitrary
separation is purely a function of their separation vector 4, and the phenomenon is
referred to as agationary process.

For a gaionary process, we generdly observe an increase in semivariance with
increased separation vector 4, up to some threshold distance, referred to astherange. At
separation distances greater than the range, the semivariance remains a a congtant GIIO
vaue.

In the case of large-scde trend structures (for example, an East-West gradient), a
parabolic structure is commonly observed (Clark 1979), where the semivariance vaues
rise in an unbounded fashion. In this case, the phenomenon is sad to be non-gaionary
(Deutsch and Journd 1998), and some method of trend remova is necessary (see
section 7.5.1), before the resdud vaues can be anayzed.

In many cases, the semivariogram will display a discontinuity & the origin. This
behaviour is commonly referred to as a Qugget effectQas it reflects the condition where

vaues of the observation vary abruptly a the microscde. This term was coined in

181



mining geostatistics, where nuggets contained in samples from gold grades tended to
produce this effect. Discontinuous behaviour of the semivariogram & the origin can
usudly be accounted for by acombination of microscae variability below the resolution

of the sampling equipment, and sensor noise.

7.5.2.ii The Covariogram

The covariogram is the covariance between daa pars a each lag. By
convention, the first vaue in the comparison is referred to as the @ilOvaue, and the
second vae in the pair is cdled the GeadOvdue [tail—— head] (Goovaerts 1997,

Deutsch and Journel 1998):

N(h)

c(h )—mzz(u)z(u + ) = m(=h).m(+h)
where

1Y (7.4)
m(-h) %EZ( 1)

N(h)

m(+h) = ﬁ Ez(ui +h)

Where #(-5) and m(+h) ae the tal and head vaue means respectively (lag
means).

Whilgt the semivariogram is the most common description of autocorrelation
used in the practice of geostatigtics, in generd the covariogram is used in the kriging
agorithm, because of difficulties in using the semivariogram representation for smple
krigng, and improvements in computetiona efficiency (Gooveerts 1997). The
covaiogram is readily obtaned from the semivariogran by subtracting the

semivariogram from the gl variance (see section 7.5.2.0).
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Unbounded modds have no covariance counterpart; in this case pseudo-
covariance is caculated by subtracting the semivariogram from a sufficiently large

congraint, such that the resulting vaue = O.

7.5.2.iii The Correlogram

In some cases we may wish to discuss dda dependency in terms of
autocorrelaion, asiscommon in time series analyss. The correlogram is defined by the
correlation between the daa vaues in each lag. It is easly obtaned from the

covariogram by sandadisation:

where

2 N(h) i (7.5)
o*(-h) = —gh) > [2(u) - m(-h)]

o
o’(+h) =W) . [z(u, + h) - m(+h)]?

Where o’(-5) and o°(+)) are the variances of the tail and head vaues respectively

(lag variance).

7.6 Continuous Models of Autocorrelation

Having egtablished the patern of autocorrelaion by cdculation of the
semivariogram, it is desirable to express this structure in continuous terms. Modédling of
the semivariogram is necessary for geogtatistica estimation, and alows inference to be
dravn on various properties of the autocorrelaion, such as its effective range and

asymptotic variance (known asthe sll).
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Figure 7.1 Powered exponential model with varying smoothness parameter w. As w increases
semivarinace increases more slowly at the origin, indicating a very continuous process.

The semivariogram can be moddled with any conditiondly negative ddinite
function (Mcbraney and Webger 1986). Rather than tesing proposed modds for
permissbility (e.g. Christakos 1984), it is usud to use one of a set of basic modds tha
are known to be permissble. There are many such modédsin common use (see Deutsch
and Journe 1998), and these basc modd structures may be combined in a linear

manner to form complex modds (Goovaerts 1997).

7.6.1 Permissible Semivariogram Models

The following modds are available in the Edinburgh Space-Time Geogatistics

programs. Powered exponentid, Gaussan, Sphericd, Rationa quadratic, Power, Hole
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effect and dampened hole. These modds provide a wide range of functiona forms

reflecting different surface characteristics. Detalls of their use and limitations are

presented below:
. Powered Exponential Model
A h w
v, =1—-exp —3(5) ]
where (7.6)
O<w=2

Where w is a smoothness parameter (Figure 7.1). Note that w=0 is not avdid

modd. When w=2 the modd is equivalent to the Gaussan modd presented below.

. Gaussian Model

. -3h*
,=1- . 7.7
14 eXp( p ) (7.7)

The Gaussan modd reflects a very smoothly varying process. It may exhibit

unstable behaviour, and is not recommended for use without anugget effect.

. Spherical Model
h Y
. 1.5—-0.5( — if hs<
Pi=1 "9 (qb) e (7.8)
1.0 if h>¢

The sphericd modd is widdy used in the literature. It provides a modd with

amogt linear behaviour near the origin, which abruptly levelsto the sill vaue.
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. Rational Quadratic Model

v =h +(1+¢h2) (1.9)

The raiond quadratic modd is roughly sigmoidd with moderate smoothness
near the origin, having a shorter left hand tail than the powered exponentid. It displays
linearity a low to intermediate ranges, with a pronounced smooth shoulder towardsthe
dll. Despite its somewhat Smilar gopearance to powered exponentid modes with high
vaues of w, the rationd quadratic modd displays less smoothness a short range and

greater sability than the powered exponentid.

J Power Model

7, =h (7.10)

Where w is the power law, describing the rate of decay in autocorreaion as
digtance increases, lower vaues therefore imply a smoother interpolated surfece. The
power modd has no covariance counterpart, as it is unbounded (#, " ! for large 4):
We implement the modd using a pseudo-covariance counterpart (see section 7.5.2.i).
Given tha parabolic semivariograms indicate non-gaionarity (see section 7.5.2.i), we do
not recommend the use of the power model, and include it only for completeness, we
recommend detrending the daa (see section 7.5.1) prior to semivariogram moddling to

avoid its use.
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. Hole Effect (Cosine) Model

. h
s =1- — 7.11
y cos(q)n) (7.11)

The hole effect describes a periodicity in the undelying features, such as
seasondlty or diurnd cycling. The range ¢ describes the wavelength of the periodicity.
The hole effect is intended for use in nested modds (see section 7.6.1.i). In orde for
the resulting semivariogram to be vdid (postive definite), the hole effect can only be
goplied in one direction: Therefore its use in time is straightforward. To implement the
hole effect gatidly, the user should specify an gopropriate geometric anisotropy dlipse

(see section 7.6.1.iii), with a very large range in the direction perpendicular to the

periodicity.
. Dampened Hole Model

s 1 ' 3k
=1 exp%ﬁcosgi( Tﬁ (7.12)

The dampened hole effect modd decreases the level of periodicity as distance
increases. Again, the range ¢ describes the wavelength of the periodicity, whilst
parameter 4 defines the distance a which 95% of the periodicity is removed from the
sgnd.

In dl cases / is the lag distance and ¢ is the range over which the daa exhibit

autocorrdation. Functiona formsfor dl modds are presented in Figure 7.2. For the
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Figure 7.2 Semivariogram models available in Edinburgh Space-Time Geostatistics. (a)
Powered exponential model (equation 7.6). The solid line illustrates w=1, whilst the broken
line illustrates w=2, equivalent to a Gaussian model (equation 7.7). (b) Spherical model
(equation 7.8). (c) Rational quadratic (equation 7.9). (d) Power model (equation 7.10). (e)

Hole effect (equation 7.11). (f) Dampened hole (equation 7.12).
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exponentid and Gaussan modds ¢ is the effective range, interpreted as the distance &
which semivariance reaches 95% of the asymptotic GliQvariance: The factor of 3 in the
numerator solves for effective range’. The modds are rescded with a contribution
paraneter ¢ to reflect the variability of the daa set, and may have a @uggetO
discontinuity 7 a the origin (see section 7.5.2.).

It is worth noting that many of these modds can be recreated or goproximated
by the more generd Matern class of covariance functions (Wackernagel 1998, p336,
Gneiting 20024).

Although Whittle-Matern type modds ae very flexible, we chose not to
implement them due to their computationd expense, which must be undergone twice
for every prediction location (once for the observation covariance matrix, once for the
esimation covariance matrix; see section 7.9). Although this may seem limiting,
gonificant flexibility can be achieved through the much smpler powered exponentid
modd (Figure 7.1). Detalled notes on semivariogram specification can be found in

section 7.11.2.v.

7.6.1.ii Nested models

The choice of permissible models may a first seem restrictive; however, additive
combinations of permissble modds dways give rise to a permissble semivariance
function. Hence, any number of semivariogram modds can be combined in a linear
additive manner to form complex neted modds, which consdeably incresses the
range of RF modds possible. Although any number of modds may be combined, the

principle of paramony is sensble when building a semivariogram modd, as more

* Note: sometimes the exponential model is presented without the factor of 3 in the numerator (e.g.
Cressie, 1990, pg. 61), in which case the less intuitive ‘integral range’ is solved for (Deutsch and
Journal, 1998, pg. 25); all programs in the Edinburgh Space-Time Geostatistics package use the
effective range convention in their calculations.
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complex modds do not necessarily improve results, and increase computation time. We
recommend that the modd should be as Smple as possble, and generdly comprise of
less than three functions, which should preferably reae to the physicd characteristics of

the variable of interest.

7.6.1.iii Accounting for anisotropy

It is sometimes the case tha the range of autocorrelation in adaasat varies with
the direction of the daa pars unde consderaion. This Stuation is referred to as
geometric anisotropy, and is often observed when the undelying physica processes
involved display directiondlity (e.g. down-wind dispersad of a Gaussan plume). Smilarly
it is possble to find a variation in the sll value of the semivariogram with direction; a
Stuation referred to as zonal anisotropy. Whilst zond anisotropy is not impossible per se, it
is rarely encountered in practice, and often is goparent in cases where the sample space
does not adequately cover the range of veriation in dl directions (Isobel Clark, personal
communication). Zond anisotropy can be incorporated by setting a very large range on the
maor axis of variation, such that the effect of the covariance structure is essentidly nil
perpendicular to the minor axis.

Anisotropy is dedt with by deforming the coordinate syssem such tha al ranges
appear equd (Figure 7.3). Thisis achieved by an dfine transformation of the separation
vector h:

h'=h+ hlsin(6)3)|
where (7.13

= Pmin
w ¢max
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W=h+hlsin@y| |
where 4,2

Y=
¢max

Displacement Y
0
]

T | | | |
-2 -1 0 1 2

Displacement X

Figure 7.3 Affine transformation of anisotropy ellipse to isotropic coordinate system h". The
minor axis of variation is stretched until it is equivalent to the major axis using equation 4.8.
The degree of stretching is dependant on the angle 0 subtended by the distance vector h and
the major semi-axis of variation, and the eccentricity of the anisotropy ellipse .

The vaue y isthe ratio between the minimum range and the maximum range of
the semivariogram, and describes the eccentricity of the anisotropy dlipsoid. 6 describes
the angular difference between the coordinate vector and the direction of the axis of
maximum variation ¢, .. The new distance in the transformed coordinate sysem 4' is

then used to congtruct the covariance arrays for estimation.
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7.6.1.iv Model Fitting

The method by which these modds should be fit is subject to some dispute (see
Goovaerts 1992, Diggle et d. 2002 for contrasting views); one school of thought isto fit
the modd by eye, so tha the model gppears visudly satisfactory. Others use automated
fitting procedures, ether by least squares (Cressie 1985q) or likelihood based procedures
(Diggle et d. 2002).

Whilst least squares (LS methods provide a fit which is generdly visudly
plessng, fits may be sengtive to outliers, and in generd the sengtivity of the
semivariogram to changes in the conditioning daa (as assessed by random draws from
smulated surfaces) indicates that excessve @ustOin the daa points may produce
mideading results (Diggle et d. 2002). Fitting by maximum likelihood (ML) generdly
requires some notion of the data error digtribution, and athough such gpproaches dlow
badancing of modd fit and daa uncertainty, they are open to criticism for subjectivity in
the choice of digtribution parameters, functiona form for the prior error modd etc.

Kriging esimates can be farly reslient with respect to changes in the
semivariogram specification (Cresse and Zimmerman 1992), dthough the estimation
(Kriging) variances are sendtive to such changes. As a rule of thumb, LS fitting
goproaches work well when the purpose of the study is estimation, whilst ML based
methods are more gppropriate when inferences on the parameters of the gpaio-
tempord digribution are of more interest. We leave decisons on modd fitting
procedures to the discretion of the user, but urge againgt ®lack box@itting methodsand

favour amore interactive gpproach.
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7.7 Modelling a Space-Time Regionalization

S far we have only discussed moddling of semivariograms in terms of spatid
or tempord coordinates. Combining the spatia and tempord autocorrelaion structures
to form a complete modd for the regiondisation has been an active area of research in
the past decade and comprehensive reviews can be found in (Kyriakidis and Journe
1999, De Cesae et d. 2001a, Gneting 2002b, Gneiting et d. 2005). Srategies for
combining spatid and tempord autocorreaion structures (which are generdly discussed
in their covariance form) can be broadly divided into separable and non-separable classes of
modds.

The earliest atempts a producing spatio-tempord covariance functions made
use of separable modds, with somewha smplistic assumptions aout the nature of
goatio-tempord variability; ether combining spatiid and tempord covariance in an
additive or multiplicative manner. The separable congtruction is tantamount to ignoring
gpaio-tempord interactions, and gating that satid and tempord covariance display
complete independence (Kyriakidis and Journel 1999). Few observed processes behave
in this manner, and conddeable effort has been made in seeking dternaive non-
separable representaions.

Development of non-separable covariance functions began with metric modds
(Dimitrakopoulos 1994), whereby spatia and tempora separation units were converted
to some common metric, and standard three-dimensiona zond anisotropy techniques
used to produce the regiondisaion (eg. as implemented in GSLIB: Deutsch and
Journd 1998). The atractive smplicity of this gpproach is somewha offset by
difficulties in specifying a common metric, and the loss of intuitive units to describe

autocorrdation.
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Subsequent to this, Cresse and Huang developed a set of permissible non-
sepaable spacetime covariance functions through Fourier inverson of one
dimensiond covariance functions (Cresse and Huang 1999). Gneiting developed this
goproach to a Fourier free representation (Gneiting 2002b). These developments were
an important step forward in spatio-tempora geogtatistics, but it was not until the
contribution of De laco et d. (2001) tha these forms of dationary, non-separable
covariance functions became generdized and sraghtforward to implement (see De
Cesare et d. 20013, b).

The product-sum covariance modd of De laco (2001) dlows the linear
combination of arbitrarily complex covariance structures (including zona and geometric
anisotropy) in space and time, with full interaction. The product-sum representation
incorporates the Cresse-Huang family of covariance functions and provides new, non-
integrable forms that cannot be obtained through the Cresse-Huang representation (De
laco et d. 2001). Due to the smplicity and ease of use of the product-sum
representetion, it is the representation of choice for non-separable covariance
gpecification in dl programs in the Edinburgh Space-Time Geogatistics package.

Non-gationary space-time covariance structures have been discussed (Kyrigkidis
and Journel 1999, 2001a), and generdly rely on treatment of semivariogram parameters
themselves as Gaussian RFs for the region of interest. Kiriakidis and Journel provide an
interesting example of this hierarchicd RF implementation for European pollution daa
(Kyriakidis and Journd 2001b). Although this implementation is powerful, it requires
multiple regiondisations in orde to build the nongationary RF modd, and requires a
congdeaable invesment of time in terms of semivariogran moddling and

computationa load. If such modds ae required, initid regondisations may be
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undetaken with the existing software, whilst fina implementation is possble with
minima modification to the code

In the discussion of models spatio-tempora covariance structures the following
notationd conventions will be used: Whenever referring to a property concerning
paterns of spatid covariance, a subscript # will be gpplied. For properties of the
covariance structure concerning time, a subscript # is goplied. Asin previous sections,
denotes separaion distance, whilgt 7 indicates the semivariance, C denotes covariance,
and the definitions of the semivariogram parameters (p and 7) reman the same (see
section 7.6.1). We denote the spatiotempora semivariogram 7, ,, and refer to subsets of
®,, by indicating the range of separation distaces parentheticadly, for example
Vi (h,h, = 0) isthe subset where dl tempora separaions are zero, i.e. only the spatia

glement of 7, ,.
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7.7.1 Separable Space-Time Covariance: The Product Model

The smplest way to arive a apermissble space-time covariance function isthe

product modd, which is smply a scded product of the separae spatid and tempord

covariance modds. An example of aproduct semivariogram modd is provided in Figure

7.4. Fitting of thismodd proceedsas follows:

Firg, only the smple spaid and tempora semivariograns are
considered (7,,(h,,h, =0) and 7,,(h, =0,h,) respectively), where 5,
and ), are the spatid and tempord separations. Vdid semivariogram
modds must be fit to them (see section 7.6.1), estimating the spatid and
tempord QartidQanges (¢, ¢,) and sills (s, si/f), and adding a QuggetO
discontinuity (z,, 7)) @ the origin to reflect spatid uncertainty if required.
Having described the spatid and tempord behaviour separaely, we
examine the vdues of the semivariogran beyond the spaid and

tempord ranges (", (h, > #,,h, > #,)) to find the globd sill (s).

u,t

Cdculate the weighting parameter £:

sillg

= 7.14
sill .sill, (7.1%)
The full covariance modd isthen arrived & as follows:
Cu,,(hu,h,) =k.C, (h,).C,(h,)
where
(7.15)

Cu(hu) = Sillu - )?u,t(hu’ht = O)
C,(h,) = sill, - 9,,(h, =0,h,)
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7.7.2 Non-Separable Space-Time Covariance: The Product-Sum

Model

In orde to fit a product-sum covariance modd, we proceed as decribed by De
laco e d (2001):

* Fird, only the smple spaid and tempord semivariograms ae
considered (y,,(h,,h,=0) and 7,,(h, =0,h,) respectively), where 4,
and ), are the spatid and tempord separations. Vdid semivariogram
modds must be fit to them (see section 7.6.1), estimating the spatid and
tempord QartidQanges (¢, ¢,) and sills (s, si/f), and adding a QuggetO
discontinuity (z,, 7)) @ the origin to reflect spatid uncertainty if required.

* Having dexcribed the spatid and tempord behaviour separately, we
examine the vdues of the semivariogran beyond the spaid and
tempord ranges (7, (h, > ¢,.h, > ¢,)) to find the globd sill (s7).

* We then check the vdidity of the fitted modd, using the vaues of si/,
sill, and sill, via the diagnogtics detaled in De Cesare et d (2001), to
ensure the resulting space-time semivariance function is conditionaly
negative definite. We cdculae three diagnostic vaues £, £, and £; as
follows:

sill, + sill, - sill,
o sillsill,
_ sill, - sill,
2 sill,
_ sill, - sill,

° sill,

(7.16)
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Figure 7.4 Comparison of spatiotemporal semivarogram representations: (a) product model
(7.7.1). (b) product-sum model (7.7.2). Note the increased interaction in the product-sum

model. Both plots share the same structures and parameters, and differ only in the
spatiotemporal combination method.

* To ensure conditiond negative ddiniteness of the resultant
semivariogram is in necessary tha £, > 0, £, = 0, and £; = 0. If the
above diagnogtic congtraints are met, the RF modd is permissble and
may be used for esimation/simulation purposes.

* Thefull covariance modd isthen arived & asfollows:

C,,(h,h,) =k C,(h,)C,(h)+k,C,(h)+k,C,(h,)

where

s (7.17)
C,(h,) = sill, = 7, (h,.h, =0)
Ct(ht) = Sillt - )’)u,t(hu = O’ht)

A comparison of the product-sum and product representations is provided in

Figure 7.4.
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7.8 Spatio-Temporal Estimation

All of the interpolation methods implemented in the Edinburgh Space-Time
Geodaigtics package produce estimates through weighted linear combination of a
subset of the daa Z = {Zl(u,t)...zn(u,t)}, selected on the badgis of spatid and tempord
digance from the estimation daum. Joatid effects are decomposed into a globa trend
m, ahd a high frequency autocorrelated resdud component, formed from a weighted
linear combination of the resduds. Therefore the only difference in the prediction

agorithmsis the method by which the weights (4) are derived:

2 (u) = mu )+ S A W[ U0 - M) (7.19)

7.8.1 Inverse Distance Weighting

Inverse distance weighted averages produce estimates of the variable of interest
by linear combination of the observetions, such that data points closer to the estimation
location are ascribed more prominence than those further away. Weights are ascribed to
a subset of the totd daa pool, such tha the conditioning déa follow a spatid power
law. The weights are rescded such tha they sum to one, preventing the estimation
exceeding the range of the conditioning daa Any power o can be used, but most
commonly an inverse squared power law is encountered in the manner of Newton®
Gravity modd; hence the dternative moniker Gpatid Gravity ModdsO Egtimates are

cdculated as follows:
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z (u,t) = i w,(u,t).z,(u,t)

where (7.19)
1/d”

n

21/61;"

Wi(uot) =

Where » are the weights, and 4, is the separation distance between z(%,2) and £
If the etimation locetion is coincident with an observetion, the estimate takes the vaue
of the observation. In the case of globa trends resdual daa may be interpolated, and
thetrend added back in after interpolation.

Currently IDW.exe does not incorporae tempordly adjacent daa into the
conditioning daa estimates are produced one time step a a time from the avalable

gpatid neighbours.

7.8.2 Kriging Methods

Kriging refersto aset of isamultiple linear regresson procedures by which the
best linear unbiased estimate of an unobserved daum vaueis arrived a by the weighted
linear combination of surrounding observations, such that the prediction error is
minimized. A good introductory text is provided by Isaacs and Siivastava (1989);for a
historica perspective, see Cresse (1990). The weights ascribed to each observation teke
into conddeédion the clustering of the daa locations, and the proximity of esch
observation to the prediction location. These spatid effects are included viareference to
the autocorrelation structure of the daa set, as summarized by the semivariogram. The
result of congdering distances between the conditioning daa is that points from over-

sampled locations are down weighted.
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Kriging is aregresson procedure of the form y = »x + ¢. In gandad notéetion,

we write:

ZUut)=A(Z-m+m (7.20)

Where 3 is the vdue of an unobserved spaio-tempord location #: to be
edimated, A is the vector weights, Z is the vector of observations and » is the mean.
Typicdly we work with a sub-set of observations, say the » = 12 closest observationsto
(). In this case, 7 is the locd mean »*. Thus 1 (4,2) is predicted by the sum of the
locd meaen, plus the spatidly autocorrelaed deviation from that mean. Differences
between Kriging methodsresdein the »* term of equation 7.20. An excellent summary

of dl Kriging methodsdescribed isincluded in Goovaerts (1999).

7.8.2.i Simple Kriging

SmpleKriging is used in the stuation where the mean of the variable of interest
m 1S known across the whole study region. This mean need not be the same a dl
locations, but the assumption is that the sampling design is sufficient to ensure tha
cdculation of the mean is not afected by daa clustering. The meen is subtracted from
the observations prior to estimation, and the resdud values are used to correct the
estimation surface, by the addition of spatidly coloured noise. The locd correction is a
function of the daa locations (clustering) and the distance between the conditioning
daaand the estimation datum, imposed through the Kriging weights A. The weights are

arived a by solving the following system of linear equations:

201



Z*(u,t)=m(u,t)+ihi(u,t).[z(ui,ti)—m(u,t)]
2Ai(u,t).C[Z(ui,ti)—Z(u}.,tj)]=C[Z*(u,t)—z(u,.,tl.)] where j=1..n

(7.21)

Here Clz(u,t)z(mt)) and C/(z (n1)-3(n,2)] ae the covariance between
observations, and the covariance between observetions and the prediction location
respectively. These vaues are obtained by looking up the separation distance / aganst
the semivariogram modd. In the case of an underlying trend across the region of
interest, the » can teke the vaue of the deerminigtic trend, which is cdculated in

advance for each estimation daum.

7.8.2.ii Ordinary Kriging

In the case that the mean vdue is known in advance, we proceed by Smple
Kriging (SK), and - takes the known vaue of the mean. However, more often the mean
isunknown, or is not easlly caculated in advance due to daaclustering: Estimation then
proceeds by ordinary Kriging (OK), where the unknown mean » must be estimated
smultaneoudy with the autocorrelated resdua component.

Usudly we condition on a subset of » avalable data, and thus 7' (4,7) represents
the loca mean of the variable of interest. Given that we only require constant mean and
variance within the neighbourhood of the sdected daa such moving window
goproaches dlow some degree of robustness to the assumption of staionarity. The OK

edimate isthus arrived a by solving the following system of equations:
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z (u,t)= 2& (u,t).z(u,,t,)

i)"i(u’t)'c[z(ui’ti)_Z(uj’tj)]-'-u =C[Z*(u’t)_z(ui’ti)]
izl where j=1,...n
EA,.(u,z) =1

i=1

(7.22)

As before Clz(u,t)-z(n,t)] and C/(z (w1)-3(n,t)] ae the covariance between
observations, and the covariance between observetions and the prediction location
respectively. These vaues are obtained by looking up the separation distance / aganst
the semivariogram modd. The main difference between K and OK isin the sysem of
equations governing the caculaion of A. Equaion sysem 7.21 is modified by the
addition of a Lagrange multiplier u, necessary to satisfy the un-biasness congraint tha

the weights sum to one.

7.8.2.iii Kriging With an External Drift

A more complex spaio-tempord regresson modd can be formulated by
extending the framework established in equation 7.20 to include extra covariates in .
Thisleadsto afamily of Kriging sysems referred to as Kriging with atrend (KT). Here
» contains more terms than the intercept only solutions illustrated above: The »
component of aKT system contains an intercept 4,, and £ dope parameters 4,...5,. This
generdisation dlows fitting of linear, polynomid, or Fourier type bads functions
combined in arbitrarily complex trend modds. However, in practice £ typicdly < 5, and
trend modds are redricted to low order polynomids (Deutsch and Journd 1998). This
partitioning of the daa into a large-scde trend component, and a staionary, spaidly

autocorrelated resdual component isthe rationae of non-gaionary geosttistics:
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Zut)=MZ-m)+m’

where (7.23)

Where 3" is vaue of the unobserved datum location u to be estimated, A is the
vector weights, Z is the vector of observaions, 4, is the intercept, 4, ae dope
paameters and S, ae vectors of auxiliary variables recorded a dl observaion and
prediction locations S, = %f(u,t)...sf(u,t)j.

Universd Kriging (UK) is the smplest form of KT system, where » is a
function of the coordinaes, dlowing large scae gradients to be dedt with by the
Kriging sysem (i.e. non-stationary problems can be solved). The ordinary Kriging
system can be seen as agpecid case of UK, where £=0 (Goovaerts, 1999).

Kriging with an externd drift (KED) refers to the case where we use seconday
covariates @ternadCro the semivariance cdculation for our data. Here we require that
the variaion of the seconda’y daa be smoothly and linearly related to the variable of
interest (Deutsch and Journdl, 1998). The covariates must be sampled & all observation
and dl prediction locations.

Typicdly KED sysems ae redricted to a snge covariae, athough
theoreticdly, any number of covariates may be included. The idea is tha the extra
covariaes inform the interpolation, so tha more easlly avalable data, such as remote
sensing observations, can be used to improve interpolation skill. The method may aso
be used to impose known physica trendson the interpolation, for example, the decrease

in temperaure with increased elevation (Hudson and Wackernagel 1994), or as aform
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of modd-daa fuson, usng modd output as the externd drift (eg. Wackernagel 1998
p297).
Agan, we usudly condition on a subset of » daa points, with » (1, returning

theloca trend. Estimation proceedsby solving the following system of equations.

Z(ut)= iki(u,t).z(ui,ti)

E)Li(u,t).C[z(ui,ti) = Z(u;, t)]+ (U + w, (U 1)U, )

=C[Z (ut)- Z(u,,t)]
where j=1,...,n

iki(u,t) =1

i)"i(ui)-qui’ti) = qu,t)

(7.24)

Here we add a further condtraint to equation system 7.22, requiring an extra
Lagrange multiplier u,. This ensures that the dot product of the weights (4) and the
vector of seconday varidble (§) equas the observed vaue of the seconday variable a
the prediction location. It is possble to retrieve locd vaues of the intercept and dope
parameters with smple modifications to equation system 7.24 (see section 7.9.1.iii). This
is particularly useful in the modd-daa fuson case, where modd efficiency can be
assessed locally by tracking deviationsfrom b, =0 and b, =1.

Addtion of extra trend terms would require an additiond Lagrange multiplier
for each term, involving minor code modifications. Further deails and examples can be

found in Wackernagel (1998).
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7.9 Practical Aspects of Kriging

7.9.1.i Calculating Kriging weights

For dl Kriging dgorithms implemented, the solution of the linear equations to
derive A follows the same generd patern. An illustration of the technique in matrix
formulation highlights the smilarities between the various agorithms.

In order to retrieve A from the observed daa vaues, we firs produce two
digance tables 00, and OE,. Marix 00, is the square » by » distance matrix for the

conditioning daa, whilst vector OE, contans the distances between the conditioning

daaand the estimation daum:
hz,z) h(zpz) - h(z,.2) h(zy, Z*)
h(z, h(z,, . h(z, Z
00, -|"w®) Mez) - Rzl p ) (7.25)
h(Zl’Zn) . " h(Zn’Zn) h(anZ*)

These digances ae eadly converted to covariances, by reference to the
semivariogran modd (see section 7.5.2ii): Matrix OO is now the observation
covariance matrix, and vector OE is the observation-estimation covariance vector. To

cdculate smple Kriging weights, we invert matrix OO, and multiply by vector OE:

M1 [C(zhz) Cl(zyz) . Clz,.2)] [C(z,27)
bl _|CEm) C@nz) - CEpz)| |Ca2)

(7.26)

A C(z,z,) . . C(z,,z,) C(z,,z")

n

In the case of K weights, the vector A ={A,...A, } sumsto zero. However, in

the case of OK or KED, werequire that the weights sum to one. The problem is one of
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minimisation with a congrant, which can be achieved by » the use of Lagrange
multipliers. The Lagrange multipliers alow us to solve for »» smultaneoudy with the
solution for the weights.

For each extraterm in », we require a Lagrange multiplier M ={u,...u,} , where
/4 is the number of modd terms. In the case of smple Kriging £=0, whilst for ordinary
Kriging £=7: We solve for the intercept only (null modd) by adding an extrarow and
column to OO and OE in which al vaues equd one, except the bottom right element
of OO which contans a zero. An addiiond row on the welghts vector then

accommodétes the Lagrange multiplier:

A1 [C(z,z) C(z,z) . C(z,,z) 1] [C(z,Z)]

Al |C(z,2) C(z,z) . C(z,.,z) 1 C(z,,2")

= . . . . % . (7.27)
A | |C(z,z) C(z.,z) . C(z,z) 1 C(z,,2)

u 1 1 1 . 0] 1

For more complex regresson modds 4£>7, and we implement the KED
agorithm. Addition of terms follows the same patern as aove, augmenting OO and
OE with extrarows and columns for the additiona Lagrange multipliers. Retrieving A
for an arbitrarily complex regresson modd KED isthen:

A [C(z,z) C(z,,z) . C(z,,z) s . s [C(z,z)]
Ay C(z,z,) C(z,,z,) . C(z,,z,) Sé . Séf C(Zz’Z*)

A |=1C(z,,2,) C(z,,2,) . C(z,,z,) s, . si| x|C(z,,z")
M, 5| 55 . s 0O . 0 st

(7.28)
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Where £ is typicdly less than five. 5’ is normdly a vector of ones, to solve for
the intercept, whilst §” to §* are vectors of seconday variables, which are linearly related
to the variable of interest (see section 7.8.2.iii). Again, the bottom right section of OO is
filled with zeros.

Sometimes a multiple intercept modd is desrable, eg. to impose different
means by vegetation or il type. In this case, vectors S7 7 §° contain dummy varigbles,
with binary coding for the factor levels. Mixed effects modds are readily incorporated
by combination of the above techniques. The only limit to the complexity of the modd
isthe need to invert matrix OO, atime consuming and not aways stable process. Asthe
complexity of the modd increases, the likelihood of producing a sngular (degenerate)
matrix OO increases. Again, the principle of parsmony is agood guiding rule.

Currently, the programs in the Edinburgh SpaceTime Geodatistics package
only dlow for ample linear modds with £<2. However, more complex modds are

possible with minor dteration to the code

7.9.1.ii Kriging Variances

One of the mgor atractions of the Geogaigticd method is the ability to
retrieve etimation variances. Kriging variances are easlly obtained by subtracting the
dot product of the observation-esimation covariance vector OE and the weights vector
A from the globd sill (Cy). In the case of OK or KED, the full augmented vectors are
used, s0 the resulting variance takes into account the uncertainty associated with the

trend modd
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(C(z,7)]
A C(z,.,2)

’ : n k )
o’(u)=Cyo~ |4, | x|C(z,2) =CO70_2)\’|C(ZiaZ*)_2MjS*I (7.29)
= =
2 s :

7.9.1.iii Parameter Retrieval and Filtering
In the case of OK and KED, it is often desrable to retrieve the locd parameters
B ={b,..h,} from equation 7.23. In the case of OK, we may be interested in

declustered loca mean of the » conditioning daa; in this case we must filter off the high
frequency autocorrelated noise ¢ to obtan the vaue ». This is easly achieved by
modification of the Kriging weights (equation 7.27) to ignore the effect of the

conditioning data Wefilter ¢ by setting the first » dements of OE to zero:

-1

A [C(z,2) C(z,z) . C(z,z) 1]
A |C(z,2) C(z,z) . C(z,.z) 1
.= . . . . o] (7.30)
M| |C(z.2) C(z.z) . C(z,.z) 1 0
1 1 . 1 0

The vaue of # isthen Kriged with the modified vector A.

In the case of KED, the vaue . isretrieved as aove, by setting eements OE,,
to zero, and OE,,,, to ones. Individud KED paameters B" ={b,..5,} can be

retrieved by subgtituting OE for the Kronecker deltafunction (/. ) centred on the

n+i,j
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trend parameter, which isone for OE’,,, and zero otherwisg; i.e. OE’ contains a binary

coding for the parameter we wish to retrieve:

, Lif j=n+i |
OE' =9,,, , where j=l..n+k (7.31)
Y10 if jEn+i

7.9.1.iv Exactitude of Kriging

In generd, discussions of Kriging specify the nugget variance a /=0 as zero, and
T elsewhere (Goovaerts 1997). This formulation ensures that the Kriging estimate for a
location a which a conditioning observation exigs is exactly equd to the observed
vaue. In this sense, Kriging is referred to as an @xact interpolatorOThis is desirable if
we believe our daais infalible, and assumes the primacy of the daa over the specified
RF modd. This approach leads to very @ikyOsurfaces where observaions are
collocated with grid nodes, due to the discontinuity in the semivariogram moded.

In redity, we ae faced with impefect daa and an imperfect modd
representation; whilst the observations correct the loca modd » in the kriging estimate,
we may dso wish » to correct the observaions when 3 is collocaed with a
conditioning datum. If we dlow the nugget variance to equd 7 for dl 4 we no longer
grictly honour the observaions, and the etimae ; & an observaion locaion is
equivdent to a spatio-tempord assmilation of the observations with 7. In this case the
edimate a an observation location will be heavily weighted towardsthe observed vaue,
but the etimae will be drawn towards a vaue concurrent with the surrounding
observaions (subject to the semivariogram) and any additiond externd variables
included in the trend modd. The degree to which surrounding observations and 7

correct the daais specified by the magnitude of .
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It isour contention that the modd daafusion gpproach resultant from alowing
anon-zero nugget effect when /=0 confers a consderable advantage for the poorly or
pseudo-replicated daa sets generdly used in upscding studies, and from which the
intrindc stationarity assumption arises (see section 7.4). As such, dl semivariance
modeds in the Edinburgh Space-Time Geoddistics package are implemented with a

nugget effect equd to rfor dl separation distances.

7.10 Assessing Spatio-Temporal Uncertainty

When smple estimation is the god of a study, evduation of the RF & a set of
locations via Kriging provides an unbiased estimate of the variable of interest, and a
Kriging variance, reflecting the uncertainty associated with the draw from the RF. The
Kriging variance reflects our prior conception of the daa; that it is normally distributed,
intringcaly gationary, and autocorrelated with a known and accurately described
covariance structure, asinferred from the semivariogram.

Although vaues derived from Kriging provide optima estimates in the lesst
quares ense, the results tend to be smoothed, losing the extremes of the daa
digribution. This smoothing is non-uniform, and occurs mainly a locations separated
by large digances from the conditioning daa; thus loca variability gppears (non-
intuitively) grester where more observations are present (Goovaerts 1997). Furthermore,
the semivariogram is only honoured if we compare observation locations with
estimation locations, dthough short scde variagion may be smoothed by the Kriging
agorithm: In generd Kriging estimates do not reproduce the semivariogram globdly,
dthough these effects may be mediated to some degree by posz-hoc processing (Oleaand

Panowsky 1996).
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Whilst Kriging variances gppropriately describe modd uncertainty, they do not
directly relate to error in the sense of modd daa divergence. In fact, the Kriging
variances are arived a by reference only to the spatio-tempord arrangement of daa
vaues, and ignore the daa vaues entirely. In this sense the Kriging vaiance is essentialy
aranking score of the daa configuration (Journel and Ross 1989). This is not entirely
satisfactory if the god of the study is to make inferences on the errors associated with
estimation of the variable of interest, eg. when the resulting estimated fields are to be
used as inputs to amodd; acommon gpplication of upscaed surfaces. In this case, a set
of random draws from the spatio-tempord RF vz Simulation is more gppropriete. One
such method of drawing redisations from the RF is Sequential Gaussian Simulation.

Discussions of dternatives can be found in (Deutsch and Journel 1998).

7.10.1 Sequential Gaussian Simulation

Sequentid Gaussian Smulation can be employed in orde to produce estimates
of locd error which reflect the datavaues, and globally preserve the @extureCof the data
varigbility. The procedure is very smilar to the Kriging methods outlined above, with
one critica difference: Upon estimation, adraw from the RV 1 '(»2) is added to the daa
hegp used to condition subsequent estimates. Thus as we step through the estimation
locations, the sze of the conditioning daa pool incresses, and each estimate is
conditiondly dependant on dl other vaues in the esimation field. The agorithm
functions as follows:

1. Initidise a random vigting schedue for the grid of G locations, with a
daahegp of » observetions Z = {z,(u,1)...z,(u,1)}. Initidise with /=7.
2. Vist the 7 nodeof the grid and estimate the expectation and variance iz

Kriging conditioned on the values in the daahegp.
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3. Draw a random vaue from the Gaussan didribution of the node,
defined by the Kriging estimae (mean) and Kriging variance. The
resultant vaue was the SGSedimae 5 .

4. The redization 3, was then trested as an observation for subsequent
estimates, and added to the daahegp (+: conditioning daa).

5. Iteratefrom 2 until al grid locations were visted (;=G).

Asin al geogtatigtica techniques, it is possible to incorporate covariatesinto the
smulaions. Randomisation of the vidting schedule ensures each field smulated from
the RF will be aunique redisation of the spatio-tempord modd, whilst conditioning on
al valuesin the hegp ensures reproduction the semivariogram globaly.

Sequentid Gaussan smulation is avalable in the Edinburgh Space-Time

Geogatigtics package using the Gaussim.exe program.

7.11 Program Notes and Instructions

7111 IDW.exe

7.11.1.i Data format

All input and output to IDIW.exe is handled viatab ddimited text files. Dataare
supplied with a gtrict format: The first line contains a heading in inverted commas. The
second line contains, seven column names, and subsequent lines contain the sequence
of observations. Missng daa flags are not supported. Each daa table entry must
contain a unique observation ID, a saion 1D, a sequence of three spatio-tempord

coordinates, an observation vaue and a seconda’y mean/t rend vaue. Observetion Ids
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(OID) identify each unique datum, whilst gtation I1Ds (S D) identify the time series to

which each observation belongs:
"3164 January temperature observations from 112 sites across Oregon, USA"
OID SID EAST NORTH TIME TEMP.C MEAN.C
633717.8 4878503 1 7.778 3.429
633717.8 4878503 2 6.110 1.836
633717.8 4878503 3 6.672 3.319
3163 112 614058.7 4921431 30 -4.693 1.940
3164 112 614058.7 4921431 31 6.679 4.661

7.11.1.ii Notes

The mean is removed from the observaions by the program prior to
interpolation then added to the estimates before output. As such, the observation values

should beraw.

7.11.1.iii Grid file

IDW.exe requires a lig of the estimations coordinaes for interpolation.
Coordinates should be supplied as atab ddimited text file containing a header followed
by a lig of spatiotempord coordinates and a mean function. The file must be in the

following format:

EAST NORTH TIME MEAN
562618 4903722 1 3.429
563618 4903722 1 3.429
564618 4903722 1 3.429
661618 5003722 31 4.661
662618 5003722 31 4.661

The secondary daamay contan the (local) mean or the vaues of atrend modd.
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7.11.1.iv Parameter file

IDW.exe IS parameterised with atab ddimited text file lad out in grict format:

FILENAMES [Data,Grid,Output]:
~/ED_ST_Geostats/Data/Data.txt
~/ED_ST_Geostats/Data/Grid.txt

~/ED_ ST Geostats/Outputs/IDW out.txt

WEIGHTING FUNCTION:
2

MODE [0=Debug, 1=Default,2=Jack-knife]:
1

SEARCH STRATEGY [Neighbours]:
16

* Lines 24 contan the path and filename of the daa file, grid file and
output file respectively.

* Line 7 contains the power to use for inverse distance weighting

* Line 10 contans a mode switch, sdecting between debug, default or
jack-knife modes:

* Debug Returns a screen prompt containing information on the
conditioning data and interpolation result for each point in the grid file.
This is agood way to experiment with parameterisation of the program.
Results are stored in the output file.

* Default: Interpolates each point in the grid file in turn with minima
output to screen. Results are stored in the output file.

* Jack-knife Temporarily excludes one daa point & a time from the
observations, and estimates its vaue from the remaining data set. Thisis
agood way to asess the interpolation skill given the selected parameters,

Results are stored in amodified output file.
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* Line 13 contans the number of conditioning daa to use in the
estimation: the » data points closest to the estimation grid coordinate are

Selected.

7.11.1.v Output file

IDW.exe returns a teb ddimited text file containing various pieces of
information on the interpolation, depending whether the program was run in
debug/default or Jack-knife mode Sandad output contains the following columns.

e Columns 1:3 contain the spato-tempord coordinates of the datum.

* Column 4: TheIDW egtimate.

*  Column 5: The supplied trend vaue.

*  Column 6: Theinterpolated resdud vaue (estimate minus the trend).
e Column 7: The nearest neighbour distance,

*  Column 8 The mean distance of the conditioning daa

*  Column 9: The SD of the nearest conditioning datum.

When running in Jack-knife mode, the following columns are returned:

*  Column 1: The SD of the Jack-knifed observation.

* Columns 2:4 contain the spato-tempora coordinates of the datum.

* Column 5: TheIDW egtimate.

e Column 6: The supplied trend vaue.

* Column 7: Theinterpolated resdud vaue (estimate minus the trend).
*  Column 8: The observed vaue.

e Column 9: The error (observed minus esimated).

e Column 10: The nearest neighbour distance.

e Column 11: The mean distance of the conditioning daa
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* Column 12: The SD of the nearest conditioning datum.

7.11.2 Geostats.exe

7.11.2.i Data format

All input and output to Geostats.exe 1S handled via tab ddimited text files. Data
are supplied with a gtrict format: The first line contains a heading in inverted commeas.
The second line contains, saven column names, and subsequent lines contan the
sequence of observations. Missing daa flags are not supported. Each daa table entry
must contain aunique observation 1D, agtation 1D, a sequence of three spatio-tempord
coordinates, an observation vdue and a seconday vaue. Observaion lds (OID)
identify each unique datum, whilst station 1Ds (SD) identify the time series to which

each observation belongs:

"3164 January temperature observations from 112 sites across Oregon, USA"

OID SID EAST NORTH TIME TEMP.C MEAN.C
633717.8 4878503 1 7.778 3.429
633717.8 4878503 2 6.110 1.836
633717.8 4878503 3 6.672 3.319
3163 112 614058.7 4921431 30 -4.693 1.940
3164 112 614058.7 4921431 31 6.679 4.661

7.11.2.ii Notes

In the case of K the mean is removed from the observations by the program
prior to interpolation, then added to the estimates before output. As such, the
observation vaues should be raw, and the secondary vaue should contain the (locd)
mean.

X can be usad to incorporate complex trend modds or remotely sensed

products with the daa in this case the seconday daa vaues should contan modd
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predictions for each datum. Again, raw observations of the primary varigble should be
supplied.

In the case of OK, the seconday dda vaue is redundant. However, the
program will encounter an error if the column is not filled; a reference vaue may be
included, or zero padding employed.

If gobd trendsare present and the user wishes to interpolate the resduds with
OK, trends should be removed from the daa prior to andyss with Geostats.exe and
addd into the estimates manudly.

In the case of KED, the secondary vaue can be any auxiliary daa linearly
relaed to the primary variable. Again, raw observations of the primary varigble should

be supplied.

7.11.2.iii Grid file

The Geostats.exe grid file is identicd in format to that of IDIV.exe. However, in
the case of Geostats.exe, the purpose of the secondary data changes with the Kriging
method selected.

In the case of XK, the seconday daa vaues are used in an identicd fashion to
IDW.exe, 1.€. the interpolated resduds are added to the grid seconday daa vaue to
form the esimate,

In the case of OK, the seconday dda vaue is redundant. However, the
program will encounter an error if the column is not filled; a reference vaue may be
included, or zero padding employed.

In the case of KED, the seconday daa vaue contans the auxiliary variable,

which must be known & dl observation and grid locations.
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7.11.2.iv Parameter file

Parameters are supplied to Geostats.exe In a tab delimited text file with grict

format:

FILENAMES [Data,Grid,Output]:
~/ED_ST_Geostats/Data/Data.txt
~/ED_ST_Geostats/Data/Grid.txt

~/ED_ ST Geostats/Outputs/KED out.txt

METHOD [0=SK,1=0K, 2=KED]
2

MODE [0=Debug, 1=Default,2=Jack-knife]:
1

SEARCH STRATEGY [Neighbours,Window]:
32 7

STRUCTURES [Spatial, Temporall]:
2 1

TAU [Spatial,Temporall]:
0.02 0.0

GLOBAL SILL:
32.46

COVARIANCE MODEL [0O=Product, l=Product-Sum] :

1

Spatial ]-—————————————— Theta -----—-----—------ [ Rotation
Exponential 6.99 196.55 196.55 0.0

Temporal ]-——————— Theta ---—-------- [

Bponential 2313 &5 0.0

* Lines 34 ecify the daafile, grid file and output file names respectively
* Line 7 contans a mode switch to select between the Smple Kriging
(K), Ordinary Kriging (OK) and Kriging with an Externd Drift (KED)

agorithms.
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Line 10 contains a mode switch, selecting between debug, default or
jack-knife modes:

o Debug: Returns a screen prompt containing information on the
conditioning daa and interpolation result for each point in the
orid file. Thisis agood way to experiment with parameterisation
of the program. Results are stored in the output file.

o Default: Interpolates each point in the grid file in turn with
minima output to screen. Results are stored in the output file,

o Jack-knife: Temporarily excludes one tempord vector a atime
from the observatiions, and egimaes its vadues from the
remaning daa set. Thisis agood way to assess the interpolation
sill gven the sdected paameters. Results are stored in a
modified outpui file,

Line 13 parameterises the search drategy: it should consst of two
integer vaues enumeraing the number of daa vaues to sdect from
each time step, and the size of the tempora window to use.

o Neghbours specifies the number of vaues to sdect from each
window increment; the totd number of conditioning daa is
therefore neighbonrs+ (neighbours*window).

o Window specifies the number of timesteps to include in the
search. The strategy IS = window, SO avaue of 7 will incorporae
daafrom aonefortnight window.

Line 16 contans two integer vaues specifying the number of
semivariogram sructures (not including the nugget) to implement in

gpace and time respectively.
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7.11.2.v

Line 19 contans the nugget variances for the spatid and tempord
semivariograms respectively.

Line 22 containsthe globa sil.

Line 25 is a binary switch to select between the separable product, or
non-separable product-sum covariance modds.

Lines 29 onwards oecify the semivariogram moddsin space and time,

Semivariogram specification

. Spatial model specifictaion

Each line of the semivariogram specification should contain Sx eements. a

gructure name, avector of four parameters, and arotetion parameter.

Sructure name: Linear, Power, Exponentid, Sphericd, Gaussan,
Quadratic, Hole or Dampened Hole (see section 7.6.1).

Thetal specifies the contribution of the structure, and can take any non-
zero red vaue.

Theta? and Theta3 are the ranges of the minor and mgor semi-axes of
the anisotropy elipse respectively. In the case of the linear and power
modds, these vaues are redundant, and can be zero padded.

Thetad is an auxiliary parameter required by some modds, taking on the
following vaues:

The power vaue o for the powered exponentid and power modds.

The danpening length for the dampened hole modd.

Rotation: A rotation parameter to specify the direction of the mgor axis

of variation in degrees from north (north = 0).
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. Temporal Model Specification

Each line of the tempora modd specification should contan a list of four

elements: A gructure name, and a sequence of three parameters.

7.11.2.vi

Structure name, as above,

Thetal is the contribution of each sructure of the modd.

Theta2 isthe range of the Sructure,

Theta3 contans auxiliary parameters, required by some modeds. See

doove.

Output file

Geostats.exe Teturns a tab ddimited text file containing various pieces of

information on the interpolation, depending whether the program was run in

debug/default or Jack-knife mode Sandad output contains the following columns:

Columns 1:2 contain the spatid coordinates of the datum.

Column 3: The supplied seconday vaue.

Column 4: The tempord coordinge.

Column 5: The loca mean 7.

Column 6: The Kriging estimate.

Columns 7:8 contain the Kriging variance and standad deviaion
respectively.

Column 9:10 contain the retrieved intercept and dope parameters when
usng KED.

Column 11: The nearest neighbour distance.

Column 12: The mean distance of the conditioning daa

Column 13:The mean seconday vaue of the conditioning data
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Column 14: The 9D of the nearest conditioning datum.

When running in Jack-knife mode, the following columns are returned:

Column 1: The SD of the Jack-knifed tempord vector.

Columns 2:3 contain the spatia coordinates of the datum.

Column 4: The supplied seconday vaue.

Column 5: The tempord coordinae.

Column 6: The observed vaue.

Column 7: The loca mean 7.

Column 8: The Kriging estimate.

Columns 9:10 contain the Kriging variance and standad deviaion
respectively.

Column 11:12 contan the retrieved intercept and dope parameters when
usng KED.

Column 13: The Jeck-knife error (observed vaue DKriging estimate).
Column 14: The nearest neighbour distance.

Column 15: The mean distance of the conditioning daa

Column 16: The SD of the nearest conditioning detum.

223



7113 Gaussim.exe

Input and output formats for Gaussim.exe areidentica to those of Geostats.exce.

7.11.3.i Parameter File

FILENAMES [Data,Grid,Output]:
~/ED_ST_Geostats/Data/Data.txt
~/ED_ST_Geostats/Data/Grid.txt
~/ED_ST_Geostats/Outputs/Simulation

METHOD [0=SK,1=0K, 2=KED]
2

MODE [0=Debug, 1=Default,2=Jack-knife]:
1

SEARCH STRATEGY [Neighbours,Window]:
32 7

STRUCTURES [Spatial, Temporall]:
2 1

TAU [Spatial,Temporall]:
0.02 0.0

GLOBAL SILL:
32.46

COVARIANCE MODEL [0O=Product, l1=Product-Sum] :

1

SIMULATIONS

1000

Spatial ]---— Theta --—-—--—-—--—-—-—-——- [ Rotation
Spherical 3.01 9.67 9.67 0.0 0.0
Exponential 6.99 196.55 196.55 0.0

Temporal - Theta ---——-—=----- [

Exponential 23.13 6.6 0.0
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The file is identicd to the Geostats.exe parameter file, with the addition of the
SMULATIONS heading on line 27. The desred number of redisaions from the
gpecified RF should be entered on line 28. The program will automatically gppend the

gmulation number and a.zxz file extenson to the filename specified on line 4.
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