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An interferometric theory of source-receiver scattering and imaging

David Halliday' and Andrew Curtis?

ABSTRACT

It is known that there is a link between the theory of seis-
mic interferometry and theories of seismic imaging and in-
version. However, although this has been discussed in sever-
al studies, there are few where any explicit links have been
derived. We use reciprocity theorems for scattering media to
derive a new form of seismic interferometry that describes
the scattered wavefield between a source and a receiver in an
acoustic medium, using both sources and receivers on two
enclosing boundaries. This form of seismic interferometry is
equivalent to a generalized imaging condition (IC) that com-
bines the full wavefield inside any finite-sized subregion of
the medium of interest. By using the Born (single-scattering)
approximation, this generalized IC reduces to the method of
imaging by double-focusing originally derived by Michael
Oristaglio in 1989. Thus an explicit link is made between
seismic interferometry, new generalized full-wavefield ICs,
and existing single-scattering imaging methods.

INTRODUCTION

Generally, seismic interferometry refers to the recovery of the
wavefield propagating between two receiver locations (as if one re-
ceiver was replaced by a source) by crosscorrelating the wavefields
observed at each receiver location due to an enclosing boundary of
energy sources (Wapenaar, 2003, 2004; van Manen et al., 2005,
2006; Wapenaar and Fokkema, 2006). The method is not restricted
to seismic wavefields; for example, studies have been carried out for
acoustic media (Derode et al., 2003; van Manen et al., 2005, 2006)
and electromagnetic media (Slob and Wapenaar, 2007; Slob et al.,
2007), and a unified approach allows application to other wave phe-
nomena such as seismo-electric wave propagation and diffusive
wavefields (Wapenaar et al., 2006; Snieder et al., 2007; Vasconcelos,
2008). More recent advances have shown that the method can be ap-
plied using cross-convolution (Slob et al., 2007; Wapenaar, 2007,

Halliday and Curtis, 2009b) or deconvolution (Vasconcelos and
Snieder 2008a, b; Wapenaar et al., 2008b) in place of the crosscorre-
lation operator. Further, Curtis et al. (2009) show that, by using reci-
procity, the role of source and receiver can be reversed; i.e., the
wavefield propagating between two sources can be recovered using
recordings of those sources on an enclosing boundary.

Although many applications of the method have been proposed
and tested (see Curtis et al., 2006 and Wapenaar et al., 2008a for
more detailed applications), in this paper we expand upon recent ad-
vances made by Curtis and Halliday (2010b), who showed that it is
possible to derive new representation theorems and interferometric
relations for source-receiver (as opposed to inter-source or inter-re-
ceiver) wavefields. Whereas “conventional” interferometry uses a
single boundary surface of sources to estimate the wavefield be-
tween two receiver locations in the interior of that surface, source-
receiver interferometry uses a boundary of sources and a boundary
of receivers to construct the wavefield between a source location and
areceiver location.

Using an approach similar to that of Curtis and Halliday (2010b),
we derive a new form of interferometric integral that describes the
recovery of scattered waves propagating between a real source and a
real receiver. This is done using the scattering reciprocity theorems
of Vasconcelos et al. (2009a). We then show that it is possible to cre-
ate an explicit link between this form of seismic interferometry and
inverse-scattering seismic imaging theory (also see Vasconcelos et
al., 2009b). More specifically, by using a single-scattering Born ap-
proximation, we present an alternative derivation of Oristaglio’s
(1989) inverse-scattering formula, which we derive directly from
source-receiver interferometry. This formula is now recognized as a
fundamental basis for many modern imaging algorithms. For exam-
ple, we can recognize more modern double-focusing imaging condi-
tions to be similar to that derived by Oristaglio (Berkhout, 1997,
Schuster and Hu, 2000), and we can also recognize relations be-
tween Oristaglio’s formula and those formulae used in creating ex-
tended images using image-domain interferometry (e.g., Vasconce-
losetal.,2009b). This link is only made possible by using the scatter-
ing form of source-receiver interferometry that we derive here. This
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may also allow new approaches for scattered ground-roll removal to
be developed (e.g., see Halliday et al., 2010).

The link between seismic interferometry and imaging has previ-
ously been discussed by Wapenaar (2007), Thorbecke and Wapenaar
(2007), and Vasconcelos (2008). In Thorbecke and Wapenaar
(2007), the connection between the work of Oristaglio and seismic
interferometry is discussed, but the link could not be made explicit.
This is because those authors discussed preexisting interferometric
integrals that consider only sources on a surrounding surface. The
theory of interferometry in Curtis and Halliday (2010b) includes
both sources and receivers on either the same, or on different surfac-
es, and, hence, so does our new scattering theory presented herein.
This is more representative of imaging applications, for example, in
seismic imaging where sources and receivers are located at different
positions at the surface of the Earth and/or in subsurface wells. This
is the reason that this is the first time that a link between interferome-
try and existing inverse-scattering imaging methods could be de-
rived explicitly.

In the first part of this paper, we use two scattering reciprocity the-
orems of the correlation-type to derive a source-receiver interfero-
metric relation for scattered waves in acoustic media. This new rela-
tion is an example of one of many different relations that can be de-
rived using different source and receiver configurations (Curtis and
Halliday, 2010b). In the second part of this paper we show how the
source-receiver interferometric relation can be used to derive the in-
verse-scattering formula of Oristaglio (1989). This creates the ex-
plicit link between the new source-receiver relationship and seismic
imaging. Finally, we discuss the implications of this work.

Figure 1. Configuration for source-receiver interferometry using
two correlational integrals. Source-receiver interferometry esti-

mates the scattered wavefield between a source (x;) and receivers
(x,) using a boundary of sources (S) and a boundary of receivers
(S").Sand S’ are closed lines in two dimensions, surfaces in three di-
mensions.

SOURCE-RECEIVER INTERFEROMETRY
FOR SCATTERED WAVEFIELDS

Curtis and Halliday (2010b) showed that the combination of two
representation theorems (either of the correlation-type or the convo-
lution-type) allows for a new form of interferometric integral. These
integrals describe the recovery of waves propagating between a sin-
gle source and a receiver by using only wavefields propagating both
from and to surrounding boundaries of sources and receivers (Figure
1).

We now extend this derivation to scattered wavefields using two
correlation-type scattering reciprocity theorems. Typically, interfer-
ometric relations are derived using a single reciprocity theorem with
two independent wavefield states (Fokkema and van den Berg,
1993; Wapenaar and Fokkema, 2006). In the following we use two
reciprocity theorems with three independent wavefield states. Later
this allows us to combine the two integral equations derived from
equations 1 and 2 (below), resulting in the source-receiver form of
interferometry that involves two surface integrals. We therefore be-
gin with the following two reciprocity relations for perturbed media
from Vasconcelos etal. (2009a). These describe relationships among
the scattered wavefield components caused by perturbations to the
medium, the wavefield in the unperturbed or background medium,
and the full wavefield in the perturbed medium:

. 0
prqB dv — f]a)(Ko - K)pApB*dV

f{piv?i%—v,ApB nds, (1)

f pigav' — f joly = K pep) v’
V/ ’

f {pcv,A+v,CpA tnpds’, (2)

where, A, B, and C represent independent wavefield states (e.g., the
wavefields that arise with two different boundary or initial condi-
tions, possibly with two different sets of medium properties). Then
Pa is the acoustic pressure in state A, g, is a source distribution in
state A in terms of volume injection-rate density, v; 4 is the ith com-
ponent of particle velocity in state A, and similarly for states B and C.
The asterisk (*) denotes complex conjugation, j represents the
square root of —1, w is the angular frequency, x, — « is the pertur-
bation to the compressibility, and n;; and n; are the outward normals
to the surfaces S’ and S, respectively. Superscript S indicates the
scattered field, superscript O indicates the field in the background
medium, and no superscript indicates the full wavefield. We have as-
sumed there are no sources of the unidirectional point-force type
(this would require extra volume integral terms), and all expressions
are formulated in the frequency domain. Surface S bounding volume
V need not be the same as surface S’ bounding volume V' (Figure 1).

Rather than derive new representation theorems as in Curtis and
Halliday (2010b), we omit this intermediate step and immediately
define the quantities required by equations 1 and 2 for three Green’s
states:
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State A:

ga(x) = 8(x —x1), pa(x) = Gxx)), pi(x) = Gs(xxy),

viA(%) = p6 iGs(xx)),  pa(x) =Golxx)),  (3)

-1
ng(x) = ——09,Go(x,x)).
jop

State B:

dp(x) = 6(x = x5),  pp(x) = Go(x.%,), (4)

-1
U?,B(X) = ——09,Go(x,x5).
jop

State C:

pg(x’) = G4(x',x), viS, x') = _—lairGS(x',x). (5)
’ Jwp

Here G(x,X;) is the full Green’s function between a source at x, and a
receiver at X, and Gy(x,x;) and G(x,x;) are the equivalent Green’s
function in the unperturbed background medium, and the Green’s
function representing the scattered wavefield, respectively. p,(x’) is
the acoustic pressure at X’ in state A, v, 4(x) is the ith component of
particle velocity at x in state A (and similarly for states B and C), and
superscripts 0 and S indicate the quantities corresponding to the
wavefield in the background medium, and the scattered wavefield,
respectively, and no superscript indicates the full wavefield. 9; is
the spatial derivative in the i-direction, p is the density and p(x)
= p°(x) + p5(x). Using these three states allow us to write equations
1 and 2 as follows (see Vasconcelos et al., 2009a):

Gs(x,.x;) ijf (ko — K)G(X,Xl)Gz(X,Xz)dV
v

-1
+— {n 0,Gs(x, x,)G (x,x,)
Jjop
- GS(X’Xl)niaiG;(X’XZ)}dS» (6)

and

G(x,,x) =jwf (k) — k")G(X' X)G (x' x,)dV’

V’
-1
+— {n 10, Gg(x' X)G (x',x;)
Jjop
— GS(X',x)ni/ai,Gg(x',xl)}dS'. (7)

Note that in equations 6 and 7, and all following equations, where a
derivative operator such as 9, immediately precedes a Green’s func-
tion, it is to be understood that the derivative operator is acting on
that Green’s function. Where the derivative operator precedes brack-
eted terms, it is to be understood that the derivative operator acts af-
ter evaluation of the terms within the bracket. We now consider the
configuration illustrated in Figure 1: there is a receiver at x,, a source
atx,, the boundary S is populated by sources, the boundary S is pop-
ulated by receivers, and x, and X, are inside both surfaces S and §’.

This configuration is possible due to source-receiver reciprocity
(i.e., source and receiver positions can be freely interchanged). In
this configuration G(x,X,) is the scattered Green’s function between
two sources, and using source-receiver reciprocity, such that
G4(x,x,) = Gs(x,,X), this is equal to the left-hand side of equation 7.
This is not a measured quantity, so we substitute equation 7, which
only contains measured (i.e., source-receiver) quantities, into equa-
tion 6, resulting in

G(x,,X)) =jwf (ko — K)G(x,xl)Gg(x,xz)dV
v

-1
+ —

n,0; jwf (k) — k")G(x'x)
jop v

X G; (x',x;)dV’ G:';(x,xz)

(ko — k")G(X",x)

"4

X G;(x’,xl)dV’ n,-a,»Gz(x,xz) ds

-1 -1

+ N f {ni/("ier(X,,X)
Jjop joplg

XG:(X',XI) — Gs(x',x)

XnilairG;(x’,xl)}dS’ G;(x,xz)

f {ny9yGg(x’ x)G (x',x,)
Jjop

—GS(X’,X)ni/()ilG;(X’,Xl)}dS'

XniGiG?;(X,Xz) ds. (8)

Equation 8 describes the reconstruction of the scattered waves prop-
agating between a source at X, and a receiver at X, using only energy
that has propagated from and to the surrounding boundaries of
sources and receivers. The first volume integral contributes to the
perturbed wavefield due to perturbations within the volume V, and
the combination of surface and volume integrals (second term) con-
tributes to the perturbed wavefield due to perturbations within the
volume V' (similar volume integrals are discussed by Vasconcelos et
al., 2009a). The double surface integral in the last term describes a
first step in determining the scattered wavefield between a source at
X, and a receiver at X,, where the scattered waves between x and x;
are reconstructed by means of the inner integral over S’. In a second
step the scattered waves between X, and x; are reconstructed by
means of the outer integral over S. Note that when we describe these
as “inner” and “outer” integrals, we are referring to their position in
equation 8, rather than their physical position in Figure 1. Equation 8
is equivalent to equation 1 in Vasconcelos etal. (2009b), but includes
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the wavefield extrapolation defined by equation 7 and the associated
volume terms.

We isolate the quantities dependant on x in the second term of
equation 8:

—1 "
{niaiG(X,9X)G:(X,X2) - G(X,,X)”iaiG{) (x,x,)}dS.
s

Jjwp
)

This can then be split into two surface integrals by substituting
G(x'.x) = Gy(x'.x) + Gs(x'.x),

Jwp fs{niﬁico(x”x)G:(X,Xz) — Go(x' x)n,0,G,,(x.X,)}dS

—1 .
+ — | {n0,Gs(x" . x)G (x.x,)
JWpJs

— Gs(x’,x)nl-aiG;(x,xz)}dS

= G;(x’,xz) + Go(x',Xx,) + Gg(X,,x")
—jo J (ko — K)G(x.X")G} (x.X,)dV. (10)
\%4

The terms G;(x',X,) and Gy(x',x,) arise from the first surface inte-
gral on the left-hand side of equation 10, and the other two terms on
the right-hand side arise from the second surface integral on the left-
hand side (see Vasconcelos et al., 2009a, equation 14). This involves
the crosscorrelation of waves in the background medium with the
full wavefield. The second integral on the left-hand side of equation
10 has the form of the back-propagation operator that is used in seis-
mic imaging (e.g., Esmersoy and Oristaglio, 1988; Wang and Orista-
glio, 1998; Thorbecke and Wapenaar, 2007). In equation 10, rather
than crosscorrelating just the scattered wavefield G, the full field G
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Figure 2. Geometry for the single-scatterer example. Black triangles
indicate the receiver boundary, and black stars indicate the source
boundary. Source-receiver interferometry is used to estimate the
scattered wave (and associated terms) between the open star and the
open triangle. The scatterer is indicated by the black dot. This exam-
ple is in two dimensions. Compare the geometry here with that
sketched in Figure 1. The background wave propagation velocity is
750 m/s. The distance between the source (open star) and the scat-
tereris 110 m, and the distance between the scatterer and the receiv-
er (open triangle) is 180 m.

= Gy + Gy is used. Using only the scattered field causes the back-
ground Green’s functions to drop out of the right-hand side of equa-
tion 10; hence, the scattered term and volume integral on the right-
hand side are the back-propagated wavefield used in seismic imag-
ing.

NUMERICAL EXAMPLE

We now illustrate scattered wave estimation using equation 8. To
simplify the application of this equation we use the same approxima-
tion as is often invoked in more conventional applications of inter-
ferometry (e.g., Wapenaar and Fokkema, 2006) and assume that the
outer boundary S’ has a large radius; hence, in equation 8 we use the
Sommerfield radiation conditions (F jkG = n,0,G with — indicating
outgoing waves and + indicating incoming waves at the boundary;
these conditions hold if waves travel perpendicularly to the bound-
aries). We also assume that the medium is smooth at and around this
boundary and that the medium is homogeneous outside of this
boundary (Wapenaar and Fokkema, 2006). We also move the terms
containing volume integrals to the left-hand side because their inter-
pretation is quite distinct from that of the surface integral. These op-
erations and assumptions give equation 11:

Gs(x2.x) _jwf (Ko = K)G(x,%)) Gy (x.X,)dV
v

— | o jwf (kg — k")G(x' x)
JwpJg v’

X G;(x',xl)d\/’ ] G;(x,x2)

— |:]wf (ko — k")G(x' x)
V’
XGS(X’,xl)dV’]niaiGz(x,xz) ds

-1

2
- niail—f Gs(x’,x)GZ(x’,xl)dS’]GZ(x,xz)
JjopJg eply

2
- {— f Gs(x’,x)G;(x’,xl)dS’}n,ﬂiG;(x,xz) ds.
cplg

(11)

Here, c is the local wave propagation velocity at the boundary. Thus,
due to the far-field conditions we require only pressure recordings on
the outer boundary. The geometry for this example is shown in Fig-
ure 2. We use circular boundaries of sources (black stars) and receiv-
ers (black triangles), to estimate the wave scattered by a single point
scatterer (black dot) between a source (open star) and a receiver
(open triangle). We model wavefields using a deterministic variant
of Foldy’s method (Groenenboom and Snieder, 1995; van Manen et
al., 2006; Curtis and Halliday, 2010a). This modeling method en-
sures that energy is conserved between the incident and scattered
wave and hence is consistent with the optical theorem, which is im-
portant when analyzing seismic interferometry using modeled
wavefields (Snieder et al., 2008; Halliday and Curtis, 2009a, b).
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In Figure 3a we show the result of the inner integrand on the right-
hand side of equation 11 for all boundary receivers x’ and one pair of
sources at x (indicated by an arrow in Figure 2) and x,, respectively.
In Figure 3b we show the result of the integral — the sum of the sig-
nals in Figure 3a over the set of all boundary receivers. There are two
arrivals in this plot: one corresponds to the inter-receiver scattered
wave (arriving at about 0.45 s), and the other corresponds to the vol-
ume integral over V' on the left-hand side of equation 11 (arriving at
about 0.15 s). Figure 4a shows the result of the outer integrand on
the right-hand side of equation 11; this is computed after the inner in-
tegral has been computed. The result of computing this outer integral
is shown in Figure 4b (solid line). We evaluate the left-hand side of
equation 11 and plot this for comparison (dotted line). Note that de-
spite the far-field approximations used in equation 11 the dotted line
matches the solid line.

The result of the integral is the scattered surface wave plus several
nonphysical events (events that do not correspond to any event in the
true source-receiver response). Such events have been identified be-
fore in seismic interferometry, and steps can be taken to mitigate for
their effect. For example, Curtis and Halliday (2010a) propose to es-
timate and adaptively subtract estimates of the nonphysical events,
and Vasconcelos et al. (2009a) propose to use a limited integration
boundary to remove the effects of these events.

Finally, we show the right-hand side of equation 11 (solid line)
plotted together with the first term on the left-hand side (the exact
scattered wave: dotted line, Figure 5a), together with the second
term on the left-hand side (the volume integral over V: dotted line,
Figure 5b), and together with the third term on the left-hand side (the
combination of surface integral and volume integral: dotted line,
Figure 5c). These extra terms complicate the result of equation 11
and would often be treated as nonphysical arrivals in seismic inter-
ferometry. Note that in Figure 5c the third term on the left-hand side
of equation 11 appears to give a nonphysical event (at about 0.08 s)
and also the time-reverse of the exact scattered wave shown in Fig-
ure 5a (at about —0.4 s). We now show that all of these terms contain
important information in applications of integrals such as equation 8
to seismic imaging. (The significance of such volume terms was
identified by Vasconcelos et al. (2009b) who postulated that the vol-
ume terms would be useful when dealing with sharp boundaries in
background velocity models). To do this we present an alternative

a) b)
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Figure 3. (a) The inner integrand on the right-hand side of equation
11, for one source pair (x and x;). (b) The solution of the inner inte-
gral [summation of (a) over boundary receiver number].

derivation of Oristaglio’s (1989) imaging condition. This acts to fur-
ther provide understanding of how such imaging theories can be ap-
plied when surfaces of sources S and of receivers S’ are not coinci-
dent. Also, because the far-field conditions deployed to obtain equa-
tion 11 are often invoked in order to represent interferometry using
an outer boundary of passive noise sources, this will show how both
energy from passive noise and active sources can be combined to
create a subsurface image.

a)

Lag (s)

-5 -0 5
Amplitude x10°

50 100 150 200 250 300 350
Boundary source number

Figure 4. (a) The outer integrand on the right-hand side of equation
11 after the solution of the inner integral as illustrated in Figure 3b.
(b) The solution of the integral [summation of (a) over boundary
source number]. The left-hand side of equation 10 is plotted for ref-
erence (dotted line).
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Figure 5. Result of equation 10 (solid line) plotted with (a) the direct-
ly modeled scattered wavefield (dotted line), (b) the solution of the
volume integral over V from the left-hand side of equation 11, and
(c) the result of the volume integral over V' and the surface integral
over S. The arrows in (a) indicate the events interpreted as nonphysi-
cal arrivals. The arrival at 0.4 s is clearly interpreted as the scattered
wave, and the arrival at —0.4 s is interpreted as the time reverse of
this scattered wave.
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The link with Oristaglio’s imaging condition

Within the first-order Born approximation (assuming there are no
significant multiply scattered waves), Oristaglio (1989) derived a
formula for the scattering potential, f(x,) at location x, as

4 (7 Ja 1
—| do(—jo)——
JCoJ —w Jw

Xf niailf {G;(xl,x’)niraier(x',x)
s s’

fxy) =

— GS(X’,x)ni,ai,GS(xl,x’)}dS’} Gz(xl,x)
—l {Gz(xl,x’)nirai/GS(x',x)
S’

— GS(X’,x)nl-,a,-/GZ(xl,x’)}dS’ } n,»&,-G:(Xl,X) ds,

(12)

where X, is the image point, x is a source on the boundary S, x’ is are-
ceiver on the boundary S’, and ¢ is the propagation velocity of the
homogeneous background medium. In this configuration S and S’
coincide, and Gg(x’,x) is the scattered wavefield within the Born ap-
proximation (Figure 6). This is an imaging condition that integrates
the amount of energy that has been scattered from each location to
define the scattering potential at that point, which is a property of the
medium (in this formulation, the scattering potential is the differ-
ence in the inverse square of the acoustic velocity in the actual medi-
um and the background medium). It does this by performing a dou-

Figure 6. Configuration used by Oristaglio (1989). The scattering
potential at a point x, is related to the Green’s functions between x;
and sources and receivers on a surrounding boundary. Using the
same notation as for source-receiver interferometry we see that the
boundaries S and S’ coincide. S and S’ are closed lines in two dimen-
sions, surfaces in three dimensions.

Halliday and Curtis

ble focusing at the image point x;: the first focusing step uses the
wavefield from the receiver array (x'), and the second focusing step
uses the wavefield from the source array (x).

We can recognize the double surface integral on the right-hand
side as being similar to the source-receiver relation in equation 8
with x; = x,. Whereas in an application of seismic interferometry all
Green’s function terms on the right-hand side of equation 8 are di-
rectly measured, equation 12 uses measured scattered Green'’s func-
tions between boundary locations (the terms Gg(x’,x)) and modeled
background wavefields between the boundaries and the point x, [the
terms Go(xy,x) and Gy(x,,x")]. Hence, we would expect this integral
to give a result similar to the zero offset Green’s function. However,
Oristaglio’s formula explicitly reconstructs the scattering potential
within the Born approximation. Hence, the additional frequency-de-
pendent terms on the right-hand side of equation 12 can be consid-
ered as a filter, relating the zero-offset Green’s function to the scat-
tering potential.

To find the precise link between equations 8 and 12, we set x;
=X, in equation 8, use source-receiver reciprocity such that all
terms on the right-hand side are consistent with equation 12 and ob-
tain

Gs(x1.x;) _jwf (ko — K)G(X’Xl)Gg(val)dV
v

- n;0; ij (Ké - k')G(x" x)
JwpJg V'

XG;(X',Xl)dV']G:(X,Xl)
— {jwf (ky— K’)G(X’,X)Gz(x’,xl)dv’]
VI

Xn9,Gyy(x,x;) (dS

-1 -1
= — I’liai " J {G:(XI,X,)niraier(X,,X)
JjopJs joplg

— GS(X’,X)n,»rai,G;(xl,x’)}dS’:|G;(xl,x)

-1
- J {Gz(xl»X,)ni’ai'GS(X,»X)
JwpJg

— GS(X’,X)ni/a[rG:;(XI,X’)}dS’ } n,»&,»GZ(Xl,X) ds.

(13)

The right-hand side of this equation is very similar to the surface in-
tegral on the right-hand side of equation 12. However, although
equation 12 defines only the approximate (Born) scattering poten-
tial, the above formula defines the full zero-offset scattering re-
sponse (which in turn is related to the scattering amplitude) exactly.
There appear to be significant differences between equation 13
and equation 12. Most notably the scaling terms on the right-hand
side of equation 12 are not present in equation 13, and the volume in-
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tegrals on the left side of equation 13 are not apparent on the left of
equation 12. Although at first it appears that these extra terms are
missing, we now show that these volume terms are implicitin Orista-
glio’s formula for the scattering potential f(x;) under the Born ap-
proximation, for the case where surfaces S and S’ coincide. Thus, we
will demonstrate that equation 12 is in fact consistent with (and is a
special case of) the source-receiver interferometric scattering inte-
gral in equation 13, and hence, that the interferometric equation 13 is
an explicit generalization of the imaging equation 12.

We begin by noting that under the Born approximation the scat-
tered wavefield is given by

1
Gs(xp.xy) = - f Go(x,,X")f(x")Gy(x",x,)d V",
Jwp Jyr

(14)

where we have used f(x) = pw?(k(x) — ko(x)). Here it is under-
stood that equation 14 requires Sommerfield radiation conditions on
asurface enclosing the volume V” (Vasconcelos et al., 2009a). Again
using the Born approximation, we now write the left-hand side of
equation 13 in terms of this volume integral and rearrange to obtain
(for the left side only):

1
; Go(x,X")f(x")Go(X" x)dV"
Jwp Jyr

1 .
+ . jGO(Xl’X)f(X)Go(szl)dV
JwpJy
R niail.l f GO(X,,X)f(X’)G:(X,,Xl)dV,
s Jwp Jy
" 1
XG,(x,x;) — {— f Go(x' x)f(x")
Jwp Jy

XGz(x’,xl)dV’]niﬂiG:;(x,xl) ds, (15)

where under the Born approximation we have replaced G(x’,x) with
Gy(x',x). We now evaluate the surface integral (i.e., by interchang-
ing the positions of the volume and the surface integral and using a
seismic interferometry relation to replace the surface integral with
interferometric Green’s functions) to give

1
T ) Go(x1,X")f(x")Go(X" x)dV"

jopJy

1
+ - JGO(XI’X)f(X)Gz(Xle)dV
JopJy
1 ’ ’ oy ’
+ - Go(x' . x))f(x" )G, (x',x))dV
Jwp Jy

1
+— fGZ(X’,xl)f(x’)GZ(x’,xl)dV’. (16)
Jwp Jy

From equation 14 we can see that, within the Born approximation,
the first volume integral is equivalent to the zero-offset scattering re-
sponse, and the fourth volume integral is equivalent to the time-re-
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verse of this response (because frequency domain complex conjuga-
tion is equivalent to time reversal). The presence of the time-reverse
of the scattering response confirms that the event observed in Figure
5cis indeed the time-reverse of the scattered wave. The second and
third volume terms are equivalent to the single-scattered wave where
the incident wave has propagated in time reverse. This can be under-
stood by considering that the back-propagated wavefield from an en-
closing boundary will have a forward (causal) and reverse (acausal)
time part, in the same way that seismic interferometry provides caus-
al and acausal responses (e.g., Wang and Oristaglio, 1998; Thor-
becke and Wapenaar, 2007). It is also interesting to note that these
second and third terms can be recognized as being similar to the non-
physical waves identified in seismic interferometric theory that arise
due to scattering (e.g., Snieder et al., 2008; Halliday and Curtis;
2009a, b; Vasconcelos et al., 2009a).

If as in Oristaglio (1989) we now assume that the volumes V", V',
and V are the same and further define the homogeneous Green’s
function as Gi(x;,x") = Go(x;,x") + G;(x,,x"), then we find that
equation 16 is equal to 1/jwpf,Gli(x,,x)f(x)Gk(x,,x)dV. Hence,
equation 13 becomes

L J Gli(x,X)f(X)GL(x, X)dV
JopJy

-1
=T {”iai‘l’(XbX)Gz(Xlx)
JopJg

— D(x,,%)n;0,G, (x,,X)}dS, (17)

where the term in the inner surface integral has been replaced by
®(x,,x), which is equivalent to the back propagated wavefield at x;
(cf. Esmersoy and Oristaglio, 1988, equation 1):

-1
(I’(Xl,x) = f {niraier(X,,X)G;)k(Xl,X,)
joplg

- Gs(x,,x)nilai/Gz(Xl,X,)}dS,. (18)

Note that if we apply the same approximations used in equation 11,
the quantity we have defined as @(x,,x) can also be considered to be
equivalent to the adjoint operator applied in techniques such as
acoustic phase conjugation or time reversal (e.g., Kuperman et al.,
1998).

Oristaglio (1989) shows that for a homogeneous background me-
dium the time derivative of the homogeneous Green’s function,
evaluated at time zero, yields a spatial delta function. He uses this
property of the homogeneous Green’s function to show that, within
the Born approximation, the scattering amplitude is equivalent to

4 [~ d
fxy) = <—f dw(—iw)—)
Jjcod —w Jw

Xf Gg(xl,x)f(x)Gg(xl,x)dV. (19)
1%

Comparing the left-hand side of equation 17 with the right-hand side
of equation 19, it is clear that the volume terms are required in order
to derive Oristaglio’s formula for the scattering amplitude. Hence,
although no volume integrals appear in equation 12 from Oristaglio
(1989), equation 19 shows that his formula for the scattering ampli-
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tude is consistent with the theory of source to receiver scattering de-
fined by source-receiver interferometry.

By applying the operator in brackets in equation 19 to both sides
of equation 18 we finally obtain

—4 (= 0 N
flxy) = _J do(—jo)—X J {niai(D(XI»X)G(I)(XbX)
JjcoJ —w ow s

— D (x1.x)n,0,G, (x.X)}dS. (20)

Recalling our definition of @(x;,x) in equation 18, we can see that
equation 20 is nearly identical to equation 12. Therefore, by apply-
ing the conditions set by Oristaglio (single-scattering Born approxi-
mation and homogeneous background medium, V= V’,and § = §")
to the source-receiver interferometric scattering representation in
equation 8, we have shown an explicit link between source-receiver
interferometry and seismic imaging theory. Note the slight differ-
ences between equation 20 and equation 12: these additional terms
are due to the choice of Green’s functions and definition of the scat-
tering amplitude used here, but do not affect the result.

The inclusion of the volume terms in equation 16 in the formula
for f(x;) in equation 19 indicates that these are implicit in Orista-
glio’s earlier derivation. When applying seismic interferometry to
perturbed wavefields these terms are treated as nonphysical, because
they do not correspond to part of the interreceiver (or in this case,
source-receiver) wavefield and may indeed be treated as a source of
error. However, here we have shown that these terms are crucial in
deriving Oristaglio’s imaging condition.

DISCUSSION

The derivation of Oristaglio’s imaging condition from the new
source-receiver representation creates an explicit link between this
new form of seismic interferometry and inverse-scattering imaging
theory. It is interesting to note that in 1989 Oristaglio derived what
may be considered an interferometric integral, and indeed he also
derived an integral similar to the source-receiver form derived here,
albeit for a more limited geometry. Integral equations describing ex-
trapolated wavefields can readily be identified as being of the same
form as interferometric integrals (e.g., Schneider, 1978; Esmersoy
and Oristaglio, 1988). Hence, although interferometry provides a
new approach to seismic data analysis, much of the theoretical
a)

b) ©)

2%

9

Figure 7. Canonical geometries. Triangles represent receivers; stars
represent sources. S and S’ are closed lines in two dimensions and
surfaces in three dimensions. (a) Configuration considered in this
manuscript, where equation 1 and 2 are both correlation-type reci-
procity theorems, (b) configuration where equation 1 and 2 are cor-
relation- and convolution-type reciprocity theorems respectively,
and (c) configuration where equation 1 and 2 are convolution-type
reciprocity theorems.

Halliday and Curtis

framework for seismic interferometry has been used for imaging for
several decades [see Thorbecke and Wapenaar (2007) for further
discussion].

Oristaglio’s derivation of equation 12 relies on a single-scattering
approximation. Note that the process used to reach equation 16 from
equation 13 may be iterated to account for multiple scattering. How-
ever, it is unlikely in this case that the result will be as elegant as the
case derived by Oristaglio. Iteration of the process would require the
volume terms in equation 10 to be included and would also require
the full scattered field to be included in the other volume integrals.
However, this may be a useful way to quantify the effect of including
scattering beyond the Born approximation in imaging and migra-
tion.

We have shown that Oristaglio’s imaging equation 12 is a particu-
lar case of our new interferometric equation 8. It was not previously
possible to make the link between imaging and interferometry ex-
plicit because previous interferometric relations used only a single
boundary of sources or of receivers, whereas imaging is usually
done using both boundaries of sources and of receivers. Unlike
equation 12, equation 8 was derived without using the Born approxi-
mation and without the requirement that the boundaries of sources
and receivers coincide. Hence, the interferometric equation § can be
thought of as a generalized imaging equation, such as that used by
Vasconcelos et al. (2009b).

Equations similar to equation 8 are currently being used to create
so-called “extended images” via image-domain interferometry in
seismic migration (e.g., Vasconcelos et al., 2009b; Sava and Vascon-
celos, 2009). These extended images provide a tool to analyze the
quality of migrated seismic data, and can be used to refine velocity
models. The extended images are treated as scattered wavefields,
arising from virtual sources created within the seismic image. The
equations used by Vasconcelos et al. (2009b) assume that the scat-
tered wavefield has already been back-propagated from the receiv-
ers, into the subsurface. This results in some of the volume terms in
equation 8 not being explicit. If such volume terms are ignored by
practitioners, they may result in error. In the case of one set of vol-
ume terms, Vasconcelos et al. (2009b) suggest that they can be used
to deal with sharp boundaries in the background model. Presumably
accounting for both sets of volume terms in equation 8 would further
improve results in the sharp-boundary scenario. Further analysis of
the volume terms appearing in equation 8 may allow for better un-
derstanding of the role of these terms and what, if any, new informa-
tion they can provide.

Although we have derived this imaging equation using two corre-
lational reciprocity theorems, it is also possible to derive expressions
such as equation 8 using a correlational and a convolutional reci-
procity relation and also using two convolutional relations [see Cur-
tis and Halliday (2010b) for details]. These different approaches al-
low for many different source and receiver geometries to be ana-
lyzed [the three canonical geometries of Curtis and Halliday (2010b)
are illustrated in Figure 7 for various combinations of correlation
and convolution]. Also, there are several different reciprocity theo-
rems for perturbed media, meaning that there are many more combi-
nations of reciprocity theorems that could be used in this case (Vas-
concelos et al., 2009a). Hence, although we have considered one
case and shown the link between source-receiver interferometry and
seismic imaging, there are many other forms that can be derived sim-
ilarly, and these may allow for the development of new imaging con-
ditions or new applications of source-receiver interferometry to seis-
mic data.
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Finally, itis also possible to derive source-receiver scattering rela-
tionships for other wave propagation regimes, including elastic
wave propagation (van Manen et al., 2006, Wapenaar and Fokkema,
2006), electromagnetic wavefields (Slob and Wapenaar, 2007; Slob
et al., 2007), and seismo-electric wave propagation and diffusion
phenomena (Wapenaar et al., 2006; Snieder et al., 2007; Vasconce-
los, 2008). We therefore expect the derivation of similar explicit re-
lationships between imaging and interferometry to become tractable
in those regimes also.

CONCLUSIONS

In this paper, we have shown how the source-receiver interferom-
etry approach can be extended to the case of perturbed media by us-
ing reciprocity theorems for scattered wavefields. We derived one of
anew class of interferometric integrals that describe the recovery of
scattered wavefields propagating between source and receiver loca-
tions.

The new scattering relationship has been illustrated using a sim-
ple acoustic example. This example utilized the far-field approxima-
tion, commonly used when deriving interferometric relations for
passive (background noise) wavefields. Hence the new source-re-
ceiver scattering theorems show how both energy from passive noise
and active sources can be combined to create a subsurface image.

Rather than focusing on applications of these new source-receiver
relations, we have shown that existing imaging conditions can be de-
rived directly from the new interferometric representation. Although
this requires that the scattering be constrained by the Born approxi-
mation and that the bounding surfaces of sources and receivers coin-
cide, it creates an explicit link between source-receiver interfero-
metric representations and inverse-scattering seismic imaging.
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